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" ' H O D  OF DERIVING ORBITAL PERTlTRBING  PARAMETERS 
FROM ONBOARD OPTICAL MEASUREWS OF 
AN EJECTED PROBE OR A NATURAL SATELLITE 
INTRODUCTION 
The principal  objective  of  this  analytical   investigation i s  t o  
evaluate the usefulness of a number of sightings taken from an orbiting 
spacecraft  to another (secondary) s a t e l l i t e .  The sightings  determine 
the direction of the secondary sa t e l l i t e   r e l a t ive   t o   t he   f i xed  stars 
by angle measurements only. The sightings are assumed t o   b e  made 
intermittently over periods ranging from a f rac t ion  of one o rb i t  to 
many days. The secondary sa t e l7 i t e  may be a probe which is ejected 
from the   spacecraf t   i t se l f   o r  a na tu ra l   s a t e l l i t e .  
This program has been exploratory i n  nature and, i n  general, is 
concerned v i th   t he   poss ib i l i t y  of deriving a knowledge of forces which 
per turb the orbi t .  From a theore t ica l  viewpoint t h e  f e a s i b i l i t y  of 
navigational systems of th i s  type  i s  already established. What i s  not 
knom, however, is the effect  of measurement errors  on the accuracy of 
various perturbing parameters. Further, the determination of the  
perturbing parameters and the  solution of the navigation problem con- 
s t i t u t e s  a s ingle  problem f o r  which solutions must be obtained simul- 
taneously. 
The study i s  conducted primarily with respect   to   spacecraf t   orbi ts  
about Mars,  Venus, t he  Moon, and Earth. Some resu l t s  are shown f o r  
Saturn. The study of Mars uti l izes various conibinations of one or 
both of i t s  na tu ra l   s a t e l l i t e s  and an ejected probe as secondaries. 
However, fo r  o rb i t s  about Venus, t h e  Moon, and Earth, the secondary is  
a single ejected probe. The speed of ejection i s  very small as compared 
with orbital speeds. 
PROGRAM OaTECTIVES 
Figure  1 indicates  the geometry of  the s ight ings and the parameters  
s t u d i e d  f o r  t h e  c a s e  of o r b i t s  a b o u t  Mars  and  Venus.  These  parameters  arise 
from g r a v i t a t i o n a l  f o r c e s .  I n  a fol lowing s tudy concerning the moon and t h e  
e a r t h ,  a more compl i ca t ed  po ten t i a l  w i l l  be  assumed f o r  t h e  moon, and  non- 
g r a v i t a t i o n a l  f o r c e s  w i l l  be  cons idered  for  the  ear th .  
As a s t a r t i ng  po in t ,  e f fo r t  has  been  concen t r a t ed  on  the  p rob lem o f  de t e r -  
mining the higher  order  terms i n  t h e  g r a v i t a t i o n a l  p o t e n t i a l  o f  Mars.  Since 
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Figure  1: Perturbing  Parameter  Study  for  Mars  and Venus 
Mars has  two r e a d i l y  v i e w a b l e  n a t u r a l  s a t e l l i t e s  (Phobos  and  Deimos) , i t  was 
f i r s t  d e c i d e d  t o  b a s e  t h e  i n v e s t i g a t i o n  on angular  observa t ions  of these  bodies  
r a t h e r  t h a n  t o  assume t h a t  a n  a r t i f i c i a l  p r o b e  was e j e c t e d .  T h i s ,  i n  t u r n ,  
n e c e s s i t a t e d  a pr ior  naviga t iona l  s tudy  involv ing  12  and  18 unknowns t o  d e t e r -  
mine the basic  character is t ics  of  such systems from the point  of view of  error  
propagation. As a r e s u l t ,  i t  was found that  systems in  which our  own s a t e l l i t e  
o r b i t  was  unknown as  we l l  a s  t he  o rb i t s  of Phobos and/or Deimos were indeed 
promising  from a navigational point of view. Although the 18 unknown problem 
had s a t i s f a c t o r y  p r o p e r t i e s ,  i t  was dec ided  tha t  obse rva t ions  of a s i n g l e  
o r b i t i n g  body would be o p e r a t i o n a l l y  s impler  and thus the 12 unknown problem 
(our own s a t e l l i t e  and Phobos) would form t h e  s t a r t i n g  p o i n t  f o r  Mars pe r tu rb ing  
parameter  s tud ies .  
After  complet ing the Mars perturbing parameter study based on the use of  
Phobos a s  a secondary,  considerat ion was g iven  to  inc lud ing  s igh t ings  on  an  
e jec ted  probe .  T h i s  was done  and proved t o  y i e l d  more a c c u r a t e  r e s u l t s ,  a s  w i l l  
be  shown. 
The next phase of t he  inves t iga t ion  invo lved  the  de t e rmina t ion  o f  t he  
g r a v i t a t i o n a l  p o t e n t i a l  of  Venus. S ince  Venus has  no  known n a t u r a l  s a t e l l i t e s ,  
an  e jec ted  tes t  p robe  of  assumed e j ec t ion  speed  bu t  unknown d i r e c t i o n  was used. 
The e f f e c t  o f  a n  e r r o r  i n  t h e  assumed  speed is  a l s o  s t u d i e d .  The degree of 
i n t e re s t  i n  t he  va r ious  pe r tu rb ing  pa rame te r s  is  d i f f e r e n t  f o r  Venus t h a n  f o r  
Hars.  Because Venus i s  ro t a t ing  ve ry  s lowly  ( ro t a t iona l  pe r iod  o f  247 days 
r e t r o g r a d e ) ,  i t  i s  probably the most  near ly  spherical  of  the planets .  It t u r n s  
o u t  t h a t  c o n s i d e r a b l e  d i f f i c u l t y  is  encountered i f  t h e  d i r e c t i o n  o f  t h e  a x i s  
of dynamic asymmetry is  t r e a t e d  a s  a n  unknown i n  t h e  t o t a l  p r o b l e m .  
I n  t h e  moon s tudy  th ree  sepa ra t e  o rb i t s  were  chosen ,  each  of which had 
a n  e c c e n t r i c i t y  of 0.1; the secondary being a p r o b e  e j e c t e d  a t  4 km/hr. I n  
t h i s  case, problem emphasis is q u i t e  d i f f e r e n t  from t h a t  of o r b i t s  a b o u t  Mars 
o r  Venus for  the  fo l lowing  reasons :  
(1) The moon has a c o m p l i c a t e d  p o t e n t i a l  i n  t h a t  tesseral harmonics 
must be considered. 
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(2) Earth-based  radar  measurements  are more e f f e c t i v e  i n  the   case   o f  
t he  moon o r  t h e  e a r t h  t h a n  Mars o r  Venus. Hence, our  method  must 
be compared with stronger competit ion.  
As many a s  10 unknown harmonics  coef f ic ien ts  were  chosen .  In  genera l ,  our  e r ror  
ana lys i s  y ie lded  accurac ies  comparable  to  those  obta ined  f rom Lunar  Orbi te r  da ta .  
F i n a l l y ,  low a n d  h i g h  a l t i t u d e  E a r t h  o r b i t s  were i n v e s t i g a t e d .  F o r  t h i s  
c a s e  t h e  p o t e n t i a l  was assumed known, and unknown drag  and  rad ia t ion  pressure  
terms were allowed. It was f o u n d  t h a t  i f  a smal l  e r ror  in  the  speed  of  probe  
e j e c t i o n  were made, a s i g n i f i c a n t  e r r o r  i n  t h e s e  p a r a m e t e r s  would  be incur red .  
I n  o r d e r  t o  overcome such e r r o r s ,  a geometry was s t u d i e d  i n  which the  probe  
was s imply  re leased;  drag  and r a d i a t i o n  p r e s s u r e  were then  a l lowed to  separa te  
the probe and the spacecraf t .  
It i s  one of t h e  p r i n c i p a l  o b j e c t s  of t he  inves t iga t ion  to  de t e rmine  the  
number o f  o r b i t s  o v e r  which measurements must be made i n  o r d e r  t o  d e t e r m i n e  t h e  
va lues  of the  parameters  for  var ious  degrees  of  accuracy .  The c r i t e r i o n  which 
is used i n  de te rmining  what  cons t i tu tes  an  acceptab le  degree  of  accuracy  i s  the  
accuracy with which the parameter  in  quest ion is  known a t  p r e s e n t .  T h u s ,  i n  
t he  case  o f  t he  ea r th ,  accu rac i e s  must  be very great ,  whereas  in  the case of  
Mars  and  Venus,  where l a r g e  u n c e r t a i n t i e s  ex is t ,  acceptable  accuracies  need not  
b e  a s  g r e a t .  
Measurement Techniques 
I n  performing the present  s tudy emphasis  has  been placed on t h e  a n a l y t i c a l  
problem  and  questions  of  measurement  are  subsidiary.  However, i t  i s  d e s i r a b l e  
that  ment ion be made of possible methods of measur ing  the  pos i t ion  of  the  ta rge t  
r e l a t i v e  t o  t h e  c e l e s t i a l  c o o r d i n a t e  s y s t e m  a s  well as  the problem of d e t e c t i n g  
the  ta rge t  under  var ious  v iewing  condi t ions .  
It i s  assumed tha t  t he  angu la r  coord ina te s  of t h e  t a r g e t  a r e  measured t o  an 
accuracy of t e n  seconds of  arc  for  each s ight ing.  For  most  of the  problems 
s imulated i t  was assumed t h a t  a b o u t  13 s i g h t i n g s  were made p e r  o r b i t .  If t h e  
view of t h e  t a r g e t  was blocked by t h e  c e n t r a l  b o d y ,  t h e n  t h a t  s i g h t i n g  was 
omi t ted .   Otherwise ,   the   s igh t ings  were uniformly  spaced. 
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I n  a l l  c a s e s  t h e  b a s i c  c o o r d i n a t e  f r a m e  is tha t  which  is  supp l i ed  by t h e  
ca t a logued  pos i t i on  o f  t he  s t a r s .  Seve ra l  t ypes  of de tec t ion  ins t ruments  could  
be used t o  m e a s u r e  t h e  d i r e c t i o n  o f  t h e  t a r g e t  i n  t h i s  f r a m e ,  e.g. a s t a r  
t r a c k e r  o r  a n  o p t i c a l  s c a n n e r .  A r e v i e w  a r t i c l e  d e s c r i b i n g  o p t i c a l  s c a n n e r s  
and t h e i r  a p p l i c a t i o n s  is  g iven  by r e fe rence  [l]. 
Planetary Constants  
The spec i f i c  t echn ique  used  in  the  s tudy  o f  t he  pe r tu rb ing  pa rame te r s  
depends on the  phys ica l  cons tan ts  of  the  p lane tary  body i n  quest ion.  Tables  
I, 11, and I11 c o n t a i n  r e l e v a n t  d a t a .  The q u a n t i t i e s  i n  p a r e n t h e s e s  b e h i n d  
each number ind ica t e  the  sou rce .  
Table I g ives  some phys ica l  cons tan ts  for  Mars ,  Venus ,  Moon, and the 
Earth.  As can  be  seen  f rom th i s  t ab le ,  two of  the bodies ,  the Earth and Mars, 
r o t a t e  s u f f i c i e n t l y  f a s t  t o  h a v e  a measurable  f la t ten ing  which ,  in  tu rn ,  permi ts  
the computation of t h e  r i g h t  a s c e n s i o n  a n d  d e c l i n a t i o n  o f  t h e i r  s p i n  a x e s  as 
well a s  s e v e r a l  terms i n  t h e  g r a v i t a t i o n a l  p o t e n t i a l .  (As is  shown i n  T a b l e  11, 
t h i s  i s  t r u e  even t o  a g r e a t e r  d e g r e e  f o r  J u p i t e r  a n d  S a t u r n . )  The o t h e r  two 
bod ies ,  t he  Moon and Venus, a r e  s u f f i c i e n t l y  c l o s e  t o  s p h e r i c a l  i n  s h a p e  t h a t  
a more g e n e r a l  r e p r e s e n t a t i o n  of t h e i r  i r r e g u l a r  s h a p e  is  necessary,  and 
fu r the r ,  t he  g rav i t a t iona l  pe r tu rba t ions  on ly  weak ly  de f ine  the  o r i en ta t ion  
o f  t he  sp in  ax i s .  
In s tudying  Mars, v7e u t i l i z e   t h e   n a t u r a l  satellites, Phobos and/or Deimos . 
Some of t h e  c h a r a c t e r i s t i c s  o f  t h e i r  o r b i t s  are shown i n  T a b l e  111. 
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Constant 
Rat io  of body mas 
t o   E a r t h  mass 
R a d i i  (km) 
Reciprocal  
F l a t t e n i n g  
P o t e n t i a l  J2 
J3 
J4 
J5 
J6 
Rota t iona 1 Period 
Spin Axis r e a .  
Di rec t   ion  
dec 
Table I: Physic 
Mars 
0.10730 (7) 
Re = 3388 - + 26 
1 8 5  Re - R C 36 
3 7 )  
24h 37m 22.6689' 
(7 1 
316.55' + .00675' 
(t - 1905) 
52.85' + ,00346' 
(t - 1905) (7) 
:a 1 Constants for Mars, Venus, Moon,  ant 
Venus 
.81500362 2 .123 x 
(2 ) 
Re = R = 6100 f 50 
P 
Large (near ly  spherica 1 
274 + 4 days  re t ro-  
grad; (6) 
272.75' f 4' 
71.50' - + 4' (6) 
d Earth 
Moon 
R1 = 1738.549 ,+ .061 
R2 = 1738.189 - + .061 
R3 = 1737.470 ,+ .061 
(9) 
2.07 x 
- 0.4461 x 
- 0.2089 x (4) 
27.32166 days (9) 
- - 91° 
88.5' 2k 
Ear th  
1.0 
Re = 6378.15 2 .05 
R = 6356.63 2 .05 
P 
298.30 f .05  (3) 
(1082,28 f .3) x 
(- 2.3 f .2) x lom6 
(- 2.12 f. .5) x 
(- .2 ,+ -1) x 
(1 f .8) x (3 1 
or (9) 
23h 56"  4' 
undefined 
goo 
* Onopage 51  of  the  American E hemeris and Naut ica l  Almanac i and n' a re  t abu la t ed .  Dec l ina t ion  = 
90 - i, r igh t  a scens ion  = 
I 
Table 11: Phys ica l  Cons tan ts  for  Jupi te r  and  Sa turn ,  From [3] 
Constant 
Rat io  ot Sun's mass 
t o  body mass 
Rec ip roca l  F l a t t en ing  
Major  Radii (km) R1 
R2 
J2 
J4 
P o t e n t i a l  
J u p i t e r  
1047.355 2 .065 
15.2 - + .1 
71,375 ,+ 50 
66,680 + 50 
.0148 - + .0001 
- .00035 - + .00005 
3,500 f 3 
10.2 
60,500 + 50 
54,550 _+ 50 
- 
.0161 - + .00001 
- .000865 - + .000026 
Table 111: Constan ts   o f   Mar t ian   Sa te l l i t es  
Constant 
Mass 
Diameter (miles) 
C h a r a c t e r i s t i c s  of Orbi t  
Orbi ta l  Per iod (days)  
Semi-axis (sec a t  1 AU) 
E l l i p t i c i t y  
Orbi ta  1 plane  
Regression of ascending 
Mean dis tance from 
node  (deg . / y r  . ) 
p lane t  (km) 
Phobos 
" 
10 (7 ) 
0.318910 ( 5 )  
12.895 (7) 
0.0210 ( 7) 
see r e f .  (7) 
158.5 (7) 
9.4 x 10   (5 )  3 
Sa t u r n  
Deimos 
" 
5 ( 7) 
1.262441 ( 5 )  
32.389 (7) 
0.0028 (7) 
see ref. (7) 
6.5 (7) 
23.5 x 10 (5) 3 
LIST OF MAJOR SYMBOLS 
The following is a list of major symbols used i n  the  s e c t i o n s  
ANALYTICAL STATEMENT OF THE PROBLEM and METHOD OF SOLUTION. 
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s1 = c e l e s t i a l  c o o r d i n a t e  s y s t e m  
s3 = i n e r t i a l  c o o r d i n a t e  s y s t e m  w i t h  6 p a r a l l e l  t o  p l a n e t ' s  a x i s  o f  
R . (t) = coord ina te  system which is  a s s o c i a t e d  w i t h  t h e  ith Kepler arc which 
approx ima tes   t he   spacec ra f t ' s   o rb i t   f o r  (i - 1) 7 t < i T  
5.  (t) = coord ina te  system which i s  a s s o c i a t e d  w i t h  t h e  ith Kepler arc which 
approximates  the  secondary ' s  orb i t  for  (i - 1) T 5 t < ir 
symmetry 3 
11 
1 
t = time 
T = fixed time length 
sl, 5,  = ang les  wh ich  de f ine  o r i en ta t ion  o f  S3 w i t h  r e s p e c t  t o  S 1 - 
R l ( t )  = p o s i t i o n  v e c t o r  of s p a c e c r a f t  
R;!(t) = pos i t ion  vec tor  of  secondary  
- 
- 
k = v e c t o r  of unknown parameters  (constants)  
- X . ( t >  = (?:I$ , j = 1 ,2  
3 
e = decliriatiofi  of secondary ' s  pos i t ion  as  v iewed f rom spacecraf t  
a = r i g h t  a s c e n s i o n  
- 
R l i K  
%iKCt) 
(t) = approximate  pos i t ion  vec tor  of  spacecraf t  a long  ith Kepler a r c  
- 
= approximate  pos i t ion  vec tor  of secondary along ith Kepler  arc  
( t ) ,  (i - 1) T 5 t < i7 
" 
e, a = ang les  wh ich  de f ine  d i r ec t ion  of p r o b e  e j e c t i o n  w i t h  r e s p e c t  t o  S 3 
r s .  , z .=  components of 6E. (t) expres sed  in  R . ( t )  
j a J  J J 11 
A V =  e jec t ion  speed  
In genera 1 , 
U' = t ranspose  of U 
6u = e r r o r   i n  u 
a(u) = s t anda rd  dev ia t ion  o f  a random v a r i a b l e  u 
ANALYTICAL STATEMENT OF THE- PROBLEM 
I n  g e n e r a l ,  i f  a second s a t e l l i t e  i s  sighted from a primary s a t e l l i t e ,  
the t ime-path observed i s  a func t ion  o f :  
(i) the   pos i t i on   and   ve loc i ty   o f   t he   p r imary   a t  t = 0, 
(ii) t h e   p o s i t i o n  and v e l o c i t y   o f   t h e   s e c o n d a r y   a t  t = 0. 
(iii) t h e  f o r c e  f i e l d  i n  w h i c h  t h e  two s a t e l l i t e s  a r e  t r a v e l i n g .  
S ince  t h e  observed  eime-path is dependent upon t h e s e  t h r e e  f a c t o r s ,  it 
may be  poss ib l e  to  ind i r ec t ly  measu re  these  f ac to r s  by making measurements a t  
known d i s c r e t e  times of the  secondary ' s  pos i t i on  wi th  r e spec t  t o  the  p r imary ' s .  
Equat ions of Motion 
Since  the  mot ions  of  the  pr imary  and  secondary  sa te l l i t es  a re  governed  by 
a s ix th  order  sys tem d d i f f e r e n t i a l  e q u a t i o n s ,  i t  is  p o s s i b l e  t o  wri te  
where 5 (t)  = pos i t ion  of  the  pr imary  as  a func t ion  of t i m e ,  1 
2 
- 
R (t) = p o s i t i o n  of the  probe  as  a func t ion  of time, and 
k = a v e c t o r  of unknown parameters  (constants) .  
- 
Ins tead  of  wr i t ing  the  sys tem of equat ions  as  th ree  second-order  equat ions ,  it 
i s  more conven ien t  t o  cons ide r  s ix  f i r s t - o r d e r  e q u a t i o n s .  To t h i s  e n d ,  l e t  
Thus, Equations (1) and (2) may b e  w r i t t e n  
We w i l l  assume t h a t  ? may b e   w r i t t e n   a s  
9 
” 
n 
j= l  
F(X, t ,  x) = FK(x) + C k j  Fj&, t)  ,,(x) ; 4 ,
n j 1 J J 
where FK i s  the  vec tor  which  arises f rom the  inve r se  squa re  fo rce  f i e ld ,  and  
each ?. is  a known funct ion  of  its argument.  Hence, (1) and  (2)  take  the  form 
I 
J 
Const ra in t  Equat ion  
I f  measurements  of  the  pos i t ion  of  the  secondary  wi th  respec t  to  the  
primary are taken, these measurements imply a c o n s t r a i n t  on the motion of the 
two s a t e l l i t e s .  I n  t h i s  r e p o r t ,  we w i l l  a ssume the  measured  quant i t ies  a re  
the  r igh t  ascens ion  and  dec l ina t ion  of  the  vec tor  f rom the  pr imary  to  the  
secondary a t  known d i s c r e t e  times. That i s ,  
where = 1: (t ) - R (t )I - 
2 P  1 P, - 
e = d e c l i n a t i o n  o f  R, - R, (measured) 
- A  - 
a = r i g h t   a s c e n s i o n  of R - R (measured) 2 1  
i,, 3,, 1 = u n i t   v e c t o r s   a s s o c i a t e d   w i t h   t h e   c e l e s t i a l   c o o r d i n a t e   s y s t e m .  1” 
i n  t h e  c e l e s t i a l  e q u a t o s i a l  p l a n e  a n d  i n  t h e  d i r e c t i o n  o f  t h e  
f i r s t  p o i n t  of Aries. k i n  t h e  d i r e c t i o n  of the  North  Pole ,  j 
completes  the r ight-handed coordinate  system. 1 1 
Equation ( 4 )  r e q u i r e s  t h a t  3 - R be  wr i t ten  wi th  components  in  the  celes- - 1 
t i a l  c o o r d i n a t e  s y s t e m  (we w i l l  d e n o t e  t h i s  s y s t e m  a s  S ). However, t h i s  co- 
ordinate  system may not be convenient when consider ing the equat ions of  motion 
( 3 ) .  In  order  to  minimize  n i n  (3 ) ,  a new coord ina te  sys tem i s  chosen with 
o n e   a x i s   p a r a l l e l   t o   t h e , p l a n e t ’ s   p r i n c i p a l   a x i s   o f   l a r g e s t  moment o f  i n e r t i a .  Two 
a n g l e s ,  5, and Z 2 ,  a r e  r e q u i r e d  t o  d e f i n e  t h e  o r i e n t a t i o n  of t h i s  new. system, 
S3, w i t h  r e s p e c t  t o  t h e  c e l e s t i a l  s y s t e m  S1. Hence, 
1 
p, -, P2 r o t a t i o n  5 + 90’ about  $, = f2  1 
ii2 - c, r o t a t i o n  5 about  P = 2 2 2 3’ 
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N o w ,  51  = the  r ight  ascens ion  of the  p lanet ' s  pr inc ipal  ax is  of l a r g e s t  moment 
of i n e r t i a ,  
s2 = the  co-dec l inat ion of t h i s  a x i s .  
Figure 2: The angles 5 and 5 1 2 
General ly ,  w e  w i l l  choose to write the equation of motion w i t h  components i n  
Sg. Now, 
11 
Hence, ( 4 )  becomes 
i(t ) = 
P 
where 
i(t ) = 
P 
A x(tp) 
P 
cos e s i n  
s i n  e :> t P 
x3 ;3 
Equation (5) then  is  the  bas i c  cons t r a in t  equa t ion  impl i ed  by the measure- 
ments .  This  equat ion yields  two independent  re la t ions  which  cons t ra in  x(t ). 
P 
The Problem 
The problem may  now b e  s t a t e d  a s  f o l l o w s :  F i n d  i n i t i a l  c o n d i t i o n s  - 
X1(0), ?i,(O), and  force   f ie ld   parameters  k j = 1, 2 ,  ..., n,  which  imply 
X l ( t )  and ?i2(t) a s  s o l u t i o n s  t o  ( 3 )  s u c h  t h a t  ?i,(t) and z2(t) s a t i s f y  (5) a t  
t h e  d i s c r e t e  times t . 
- j' 
P 
I n  some cases ,  t he  ang le s  s1 and s2 must a l s o  b e  t r e a t e d  a s  unknowns. 
This i s  p a r t i c u l a r l y  t r u e  f o r  t h e  c a s e  o f  o r b i t s  a b o u t  Venus.  Also, i f  t h e  
s e c o n d a r y  s a t e l l i t e  i s  a n  e j e c t e d  p r o b e ,  t h e n  El = F$ a t  t h e  t i m e  of  e jec t ion .  - 
A compl i ca t ion  to  the  ana ly t i ca l  p rob lem i s  t h a t  t h e  number  of measure- 
ments i s  expec ted  to  be  much g r e a t e r  t h a n  t h e  number of unknowns. Hence, 
because of va r ious   e r ro r s ,   no  E,(O), T[,(O), and w i l l  exis t  s u c h  t h a t  a l l  
cons t r a in t  equa t ions  (5) c a n  b e  s a t i s f i e d .  Thus, some "best"   value  of   the un- 
knawns must be found. 
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METHOD OF SOLUTION 
The t o t a l  d i f f e r e n t i a l  of (5) y i e l d s  
where 
6 2  = ( - cos  e s i n   a  6 a - s i n  e cos  a 6 e  Cos e  cos  a 6 a - s i n  e s in   a  6e  
cos e de 
- - 
S O ,  CL6a cos e = (- s i n  a  A1 + cos a A2)[6x -  X] + (- s i n  a  6A1 + cos a - x 6x- 
w .€A2) 
where Ak = kth row of A ,  
6Ak = kth row of 6A. 
Also,  
But, 
13 
- 
- X X  
- x1x3 
) 6 :  
sx -  
2 32 
P - x3 
where Ak = kth column of A .  
Hence, 
(d ascIs ') = E 6 x(t P ) + F (: i' ) 
where 
- s i n ( 5  - a )  cos 5 1 sin(!1 - a )  s i n  z2 
s i n  5 ,  sec e COS 5 ,  sec e 
- x x  
2 22 - x1x3 
X P - x2 - x x  
2 32 ) - x x  2 3  P - x3 
Here, 
p1 = - sin(Z1 - a )  x1 -  COS(^^ - a )  cos  5 x2 +  COS(^ - a )  s i n  s2 x 
p2 = sin(S1 - a )  ( s i n  z2 x2 + cos z2 x3), 
pL4 = sec  e(cos 5 x2 - s i n  x 2  x3). 
1 3' 
Equation (6) is two i ndependen t  r e l a t ions  in  ha, b e ,  Sg l ,  652, and 
sE(t ) = 6R (t ) - 6E (t ). 
P 2 P  1 P  
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Linearizat ion of  the Equat ions of  Motion 
For  the  present ,  l e t  us  d rop  the  subsc r ip t  i from  Equation (3) .  Now let  
- 
X ( t )  = %(t) -I- 6X(t )  
where s(t) is a r e f e r e n c e   t r a j e c t o r y  (known) of  possibly  unconnected  Kepler ‘ 
a r c s .  Thus, 
- 
excep t   fo r  a f i n i t e  set of p o i n t s .   S u b s t i t u t i n g  (7) i n t o  (3)  w e  ob ta in  
n 
j =1 
VTK%) 6X + (& . + 6kj )  ?. (%, t). 
J 3 (8) 
Thus, t o  a f i r s t  a p p r o x i m a t i o n ,  6X s a t i s f i e s  a l i n e a r  non-homogeneous d i f f e r e n -  
t i a l  e q u a t i o n .  We may now write t h e  s o l u t i o n  t o  (8) a s  (Coddington  and  Levin- 
- 
son E831 
t 
where 
6 = VFK%) i and @( to ,  to ) = I. ” 
The matr ix  Q i n  (9) i s  commonly c a l l e d  t h e  t r a n s i t i o n  m a t r i x  i n  t h e  t e r m -  
ino logy   of   o rb i ta l   theory .  It i s  the  fundamental   solut ion  matr ix   of  (8) i n  
the  t e rmino logy  o f  d i f f e ren t i a l  equa t ion  theo ry .  
An e x p l i c i t  s o l u t i o n  o f  I i s  g iven  by Kochi BO]. To u t i l i z e  h i s  s o l u t i o n  
t h e  components of 6X( t0 )  and 6Z(t) must be expressed i n  p r e f e r r e d  c o o r d i n a t e  
15 
systems.  This  point w i l l  be   considered  next .   In   any  event ,  (9) g i v e s  a 
s imple  method of  ca lcu la t ing  an  approximat ion  to  the  devia t ion  f rom a s i n g l e  
Kep le r  o rb i t  g iven  6X(t , )  and x. 
I n  d e r i v i n g  a n  e x p l i c i t  e x p r e s s i o n  f o r  I ,  Kochi introduced a coord ina te  
w e  w i l l  c a l l  R ( t )  which moves w i t h  t h e  K e p l e r  r e f e r e n c e  p o s i t i o n  s(t). Let 
R ( t )  have  a s soc ia t ed  un i t  vec to r s  c ,  s^ , z^ such   tha t  = %(t)/l%(t)l , s  ^ i s  
i n  t h e  p l a n e  of t he  Kep le r  o rb i t  s o  t h a t  %(t) s  ^ 2 0, and z^ completes  the 
right-handed system as shown i n  F i g u r e  3 .  
- 
- 
APPROXIMATE POSITION 
R 
LINE OF NODES 
Figure 3: The Moving Coordinate  System R ( t )  
W i t h  t h i s  d e f i n i t i o n ,  w e  may wri te  
16 
where 
cn cw' - sR c i  sw' - cR SUI ' - sn c i  CUI ' sR s i  
CUI'  + cn c i  sw'  - sa sw' + cn c i  c w '  - ca s i  
s i  sw'  s i  cw' c i  
where c0 = cos 8 
s 0  = s i n  0 
i = i n c l i n a t i o n  of Kep le r  o rb i t  
0 = longi tude  o f  l i n e  of nodes 
u) = argument of pe r igee  
w' = UI + V ( t )  
where 
V ( t )  = t r u e  anomaly. 
Since w e  w i l l  u se  @ as  developed by Kochi, i n  (9) 6X( t , )  must  have  posi- 
t ion  and  ve loc i ty  components  expressed  in  R ( t , )  whi le  6 X ( t )  must have these 
components expressed i n  R ( t ) .  
S ince  the  pe r tu rb ing  fo rces  k.? a r e  t o  b e  computed a long  the  r e fe rence  
o r b i t ,  no s i n g l e  K e p l e r  o r b i t  c a n  b e  e x p e c t e d  t o  y i e l d  a c c u r a t e  r e s u l t s .  We 
sha l l  choose  d i scon t inuous  a rc s  o f  Kep le r  o rb i t s  a s  a r e f e r e n c e  o r b i t  a s  shown 
i n  F i g u r e  4 .  Each a r c  i s  of time dura t ion ,  r. 
J j  
I n  g e n e r a l ,  w e  have  for  (i - 1) T 1. t < iT 
n 
j =1 
6 ? i ( t )  = e i ( t ,  (i - 1) 7) [S%((i - 1 ) ~ )  + C (k, + Ski) Fij(t)] 
where ?i (t)  i s  the  pos i t i on  and  ve loc i ty  a long  the  i Kep le r  a r c ,  
+.  is  e v a l u a t e d  u s i n g  t h i s  a r c  a s  a re ference .  
i K  
1 
t 
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I 
ARC OF REFERENCE ORBIT 
COMPUTED ORBIT 
TRUE ORBIT 
Figure  4 :  The True  Orbit ,   Reference  Orbit ,   and Computed Orb i t  
- 
P j  (XiK(s) s )  must  have  components i n  R .  (s) 
6 X ( t )  must have components i n  R .  (t). 
1 
1 
But w e  w i l l  choose t o  d e f i n e  6 E ( i ~ )  s o  t h a t .  
where ti  = G i ( i - r ,  (i - 1)T) 
Thus, t o  gene ra t e  the  i + 1 Keple r  a rc  w e  use  the  condi t ions  
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I n  (10) TIiK and fi+l,K must be expressed with components in Sg. A f t e r  com- 
put ing  f ( i T ) ,  w e  may f i n d  t h e  o r b i t a l  e l e m e n t s  of t h e  i+lth Kepler  a rc ,  
and  hence i+l (t , i T ) .  So, f o r  i T  5 t < (i + 1)T ,  
i+l ,K 
d 
t h e  matrix B' ( iT)  B. (i7) d i f f e r s  from  the 3 x 3 i den t i ty  ma t r ix ,  bu t  i ts  
e f f e c t  i s  second  order.  Hence,  for i T  5 t < (i + 1 ) ~  
i+l 1 
i T  5 t < (i + 1 ) ~  
n 
S i ( ( i  + 1 ) ~ )  = Mi+l bZ(0) + C gk. !i+l, 
j=1 J . 
So t h a t ,  
19 
I 
Equation (11) t h u s  g i v e s  u s  t h e  d e v i a t i o n  i n  p o s i t i o n  a n d  v e l o c i t y  o f  t h e  
re ference  pos i t ion  and  ve loc i ty  f rom the  t i m e  q u a n t i t i e s  a t  t ,  i T  5 t < ( i + l ) T y  
i n  terms of t h e s e  d e v i a t i o n s  a t  t = 0, 16, and Sf;. I n  t h i s  e q u a t i o n  6 x ( t )  h a s  
components i n  R (t). 
- 
i+l 
Linear  Equat ion  in  Unknowns 
Equation (6) i s  two independent  equat ions expressing a r e l a t i o n s h i p  b e -  
tween e r r o r s  i n  t h e  m e a s u r e d  d i r e c t i o n  t o  t h e  s e c o n d a r y  s a t e l l i t e ,  e r r o r s  i n  
t h e  two angles  which  def ine  the  p lane tary  coord ina te  sys tem wi th  respec t  to  
t h e  c e l e s t i a l  c o o r d i n a t e  s y s t e m ,  a n d  e r r o r s  i n  t h e  p o s i t i o n  o f  t h e  s e c o n d a r y  
wi th   r e spec t   t o   t he   p r imary .   Th i s   equa t ion  is  u s e l e s s  i n  i t s e l f ,  f o r  i f  
e r r o r s  i n  t h e  measured q u a n t i t i e s  a r e  s p e c i f i e d  (Sa and 6e) the equat ions con-  
t a i n  more unknowns than  independent  re la t ions .  The dynamics  of  the  problem, 
however ,  do not  a l low the vectors  6xl t o  move a t  random. I n  f a c t ,  i f  6Ri(0) 
bRi(0),  and 5 a r e  s p e c i f i e d ,  t h e n  S & , ( t )  and iii(t) a r e  d e t e r m i n e d  f o r  a l l  
time, t. This dependence is a n a l y t i c a l l y   s t a t e d  by Equation (11). I n  t h i s  
s e c t i o n ,  w e  w i l l  u t i l i z e  E q u a t i o n s  (6) and (11) t o  o b t a i n  a r e l a t i o n s h i p  b e -  
tween  Sa, b e ,  SS,, 6 5 , ,  Sx, 6E1(O) and 6x2(0). 
A t r i v i a l  t r a n s f o r m a t i o n  y i e l d s  
6Xi(t)  = K 6x i ( t )  
where K = (I, 0) , I being  the  3 x 3 i d e n t i t y ;  0 being  the  3 x 3 zero.  So, ( 6 )  
becomes 
20 
In   t he   above   equa t ion  6?i and 62 must  have  components i n  S3. I n  o r d e r  t o  
u t i l i z e  t h i s  e q u a t i o n ,  it i s  necessary t o  rewrite it  so t h a t  62 (t ) has com- 
p o n e n t s  i n  R (t ) whi le  6?i (t ) has  components i n  R l i ( t p ) ,  where 
2 1 
2 P  
2 i  p 1 P  
(i - 1) 7 5 tp < ir. 
Hence, 
So, Equation (11) y i e l d s  
21 
/ 
I 
Thus,  (12) i s  two e q u a t i o n s   i n  SY(0). If a s u f f i c i e n t l y  l a r g e  number of 
measurements a r e  s p e c i f i e d  w e  may s o l v e  f o r  SY(0) .  A f t e r  f i n d i n g  t h i s  v e c t o r  
tj:,(t) and 6,( t)  may be  found  from (11). Since  (12) i s  only  an  approximate 
equa t ion ,  an  i t e r a t ive  computa t iona l  p rocess  is necessary.  
Let us now suppose  the  secondary  sa t e l l i t e  i s  a probe which was e j e c t e d  
from the primary with a known speed but poorly known d i r e c t i o n  a t  t = 0. Then, 
and 
- 
R ( 0 )  = 1 (0) + Av 2 1 
where AV = speed of e j e c t i o n  (assumed known) and   de f ines   t he   e j ec t ion   d i r ec -  
t i o n .  We may choose   t he   r e f e rence   t r a j ec to r i e s  so t h a t  
- - 
RzlK(0) = RlIK(O) + Av Go, where Go is a n  estimate of G. 
NOW l e t  G = cos G' cos a" E + cos Z s i n  a" j: + s i n  Z G 3 .  n u s ,  3 3 
where 
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- s i n  a - s i n  Z cos a 
- s i n  e" s i n  iY 
N 
0 cos z. 
and the components of 6z2(0) and 6zl(0) a r e   i n  S 3' 
I n  (12), 6E2(0) has  components i n  R (0) wh i l e  (0) has  components i n  21 1 - 
Rll(0) ;  (13)  cannot  be subst i tuted into (12) w i thou t  r ewr i t i ng  (12) such  tha t  
6z2(0) and 6% (0) have  components i n  t h e  same coord ina te  system. To th i s  end ,  
l e t  u s  rewrite (12) so t h a t  6x2(0 )  and 6E1(O) have  components i n  S3. Hence, 
1 
- D2 + D l  +( 6a 'Os ')= (5, - T, v21 -pll, e . . ,  - F) 6 Y ( O )  (14) 
6e 2n  In' 
where 
(2 x 6) ma t r ix  
(2 x 6)  mat r ix  
and ijx (0) and (0) have  components i n  S3. Hence,  (13) a l lows   u s   t o   r ewr i t e  
(14) as 
2 1 
where p2 is a 2 x 3 matr ix   def ined  by t h e  l a s t  t h r e e  columns  of . 
v2 
Other  cases  may be considered. For  example, A; unknown; AV unknawn; the  
time of e j e c t i o n  unknown; etc. 
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Summary of Equations 
We now l i s t  the  equa t ions  a s  deve loped  in  the  p rev ious  sec t ions .  
1. We a r e   g i v e n  - 
X1(0) and x2 (0) i n  S 3 
kO1,  kO2' e * * ,  k 
" - On 
P1, P2 ,  ... , P a s  a func t ion  o f  sphe r i ca l  coord ina te s  and wi th  compo- 
n e n t s  i n  R ( t )  ( f o r  b o t h  t r a j e c t o r i e s )  
n 
times of   observat ion t k = 1, 2 ,  . .. , f k '  
T 
A = ( 1:; i1 - cos  5 cos 5 1 2 
2 1 - s i n  s1 cos  5 s i n  5 s i n  s2 1 
0 s i n  s2 cos 5 
2 
3 .  X ( ( i  - 1 ) ~ )  = ziK((i - 1 ) ~ )  ( f o r   b o t h   t r a j e c t o r i e s   i n  s ) - 
3 
4 .  Find   orb i ta l   e lements  
( g )  i -  i + 1 
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6. If tk < i-r , w e  o b t a i n  two l i n e a r  e q u a t i o n s  i n  t h e  u n k n m n s  . 
Use i Kep le r  a r c  to  compute 
(a) mean anomaly a t  t 
(b)  true  anomaly 
k 
2 
a . ( l  - e . )  P. - - 
(‘1 r j  - 13+ e .  c i s  v 1 + e . Jcos  v 
J j J j 
b l  = - s in(x1  - a )  x1 -  COS(^^ - , a )  cos s2 x2 + cos(C1 - a )  s i n  5,x 
3 
P2 
p 4 -  x x 2 - -  cos e x 3 
= sin(S1 - a )  s i n  S2x2 + s in ( s1  - a) COS S2x3 
cos 5,  s i n  52 - 
25 
L 
2k x (14 + n) 
8. A f t e r  a l l  measurements  the  covariance  matrix  of  the  output  errors i s  given by 
PERTURBING FORCES 
I n  t h i s  s tudy ,  the  only  per turb ing  forces  ac t ing  on orb i t s  about  Mars ,  
Venus,  and the  moon f o r  which numerical  results w i l l  be shown a re  those  which 
a r i s e  from higher   order   terms i n  a g r a v i t a t i o n  p o t e n t i a l .  L e t  u s  now give a 
sho r t  d i scuss ion  of t h e  g r a v i t a t i o n  p o t e n t i a l .  
Let (X, Y, Z) b e  a n  a r b i t r a r y  set  of r ight-handed or thogonal  axis ,  and l e t  
(r , C ,  0 )  be  the  spher ica  1 coord ina te s  of a p o i n t ,  P ,  e x t e r n a l  t o  a body whose 
d e n s i t y  is sec t iona l ly   cont inuous   (F igure  5 ) .  
The p o t e n t i a l  o f  a u n i t  mass a t  P due to t he  body may b e  w r i t t e n  a s  
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P 
X 
Figure 5 :  The Body and  Externa 1 Po in t ,  P 
where B = region occupied by t h e  body - 
PI = g e n e r i c  p o s i t i o n  w i t h i n  t h e  body - 
P = p o s i t i o n  of e x t e r n a l  p o i n t ,  P 
G = u n i v e r s a l  g r a v i t a t i o n a l  c o n s t a n t  
D ( 5 ' )  = densi ty  of  body a t  
dv = element of volume of PI. 
N o w ,  -W= t h e  g r a v i t a t i o n a l  f o r c e  on a u n i t  mass a t  P due t o  t h e  body. 
It would be most convenient i f  t h e  i n t e g r a n d  of (15) c o u l d  b e  w r i t t e n  a s  
f (F') g ( F ) ;  f o r  i f  t h i s  were t h e  c a s e ,  t h e n ,  
where G1 is a constant which depends only on the shape and mass d i s t r i b u t i o n  of 
t h e  body.  Hence, t h e  f o r c e  on a u n i t  mass  would  be known exc.ept for a s i n g l e  
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m u l t i p l i c a t i v e   c o n s t a n t .   U n f o r t u n a t e l y ,   t h e   i n t e g r a n d   o f  (15) canno t   be   wr i t t en  
so s imply ,  ins tead  w e  must write i t  i n  t h e  f o r m  
where  each G i s  independent  of 5 and  dependent  only  on  the  shape  and  mass 
d i s t r i b u t i o n  o f  t h e  body. The exact form  of  (16) may be  found i n  [ 9 ] ,  and  can 
b e   w r i t t e n   a s  
i 
where Cnm and S a re  cons t an t s  wh ich  a re  dependen t  on t h e  mass d i s t r i b u t i o n  
of the body, 
nm 
m = t o t a l  mass of body 
r = equa to r i a l   r ad ius   o f  body e 
G = u n i v e r s a l  g r a v i t a t i o n a l  c o n s t a n t  
P'(x) = a s s o c i a t e d  L e g e n d r e  f u n c t i o n  o f  t h e  f i r s t  k i n d  of degree k and k order  j .  
A t remendous  s impl i f ica t ion  of  (17) o c c u r s  i f  t h e  body i s  symmetric  about 
t h e  Z a x i s .  I f  t h i s  i s  the   ca se ,   t hen  
C m = O , m # O  
snm = 0 
and (17)  is c u s t o m a r i l y  w r i t t e n  i n  t h e  form 
where J a r e   c o n s t a n t s  (J = -Cko) k k 
k P (x) = Legendre  polynomial of degree k = Pk(x) 
0 
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I n  a d d i t i o n ,  i f  t h e  o r i g i n  o f  t h e  a x e s  Q, Y, 2) is  t h e  c e n t e r  o f  mass  of t h e  
body,  the J1 = 0, thus  (17)becomes 
We w i l l  u s e  t h i s  form i n  t h e  s t u d y  o f  Mars  and Venus i n  t h i s  r e p o r t .  R e c a l l  
t h a t  t h e  v a l i d i t y  o f  t h i s  form rests on two assumptions: 
(1) t h e  Z a x i s  from which the angle b is measured is a n  a x i s  o f  symmetry 
of the body, and 
(2)  t h e  d i s t a n c e  r is  measured  from t h e  c e n t e r  o f  mass  of  the body. 
The assumpt ion  tha t  Mars  and Venus have an axis  of  symmetry appea r s  t o  be  
a good approx ima t ion ,  fo r  t he re  a re  some r e a s o n s  t o  b e l i e v e  t h a t  t h e s e  p l a n e t s  
a r e  more  homogeneous than  Earth.  However, t h e  d i r e c t i o n  o f  t h e  a x i s  of  symmetry 
w i t h  r e s p e c t  t o  t h e  c e l e s t i a l  c o o r d i n a t e  i s  not  w e l l  known beforehand.  Hence, 
i f  w e  choose t o  u s e  form (18) we a r e  f o r c e d  t o  i n t r o d u c e  two angles which de- 
f i n e  t h e  d i r e c t i o n  o f  t h e  a x i s  of  symmetry w i t h  r e s p e c t  t o  t h e  c e l e s t i a l  s y s t e m  
as  unknmns .  
The assumption that  the coordinate  system may be  loca ted  a t  t he  cen te r  o f  
mass of the body in t roduces  no s i g n i f i c a n t  d i f f i c u l t i e s  and w i l l  be used here. 
Let us now i n v e s t i g a t e  t h e  c h a n g e  i n  t h e  c o e f f i c i e n t s  of (18) f o r  t h e  c a s e  
i n  which the coordinate  system chosen l ies  c lose  to  the  p re fe r r ed  sys t em.  
A s  before ,  let  S be   t he   ce l e s t i a l   coo rd ina te   sys t em.   A l so ,  le t  S3 be a 1 
sys t em  wi th   a s soc ia t ed   un i t   vec to r s ,  i,, 3,, and  such  that  E, is p a r a l l e l  
t o  t h e  a x i s  o f  symmetry. Let s1 and 52 be the azimuth and coelevat ion of  G3 
w i t h  r e s p e c t  t o  SI (Figure 5). Then, t h e   p o t e n t i a l   h a s   t h e  form (18). 
3 
Now suppose w e  do n o t  u t i l i z e  t h e  p r e f e r r e d  s y s t e m ,  Sg, bu t  i n s t ead  write 
t h e  p o t e n t i a l  i n  a sys t em de f ined  wi th  r e spec t  t o  S by ang le s  s1 + 6s1 and 
s2 + 6 t 2 .  It may be shown t h a t  f o r  s m a l l  65, and 6 t 2  
1 
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N 4 = coeleva t ion  of  P i n  new system 
9 = azimuth of P i n  new system. 
N 
Thus, t o  a f i r s t  app rox ima t ion ,  Legendre  func t ions  o f  t he  f i r s t  o rde r  mus t  
b e  i n c l u d e d  i n  t h e  p o t e n t i a l  i f  a c o o r d i n a t e  s y s t e m  s l i g h t l y  removed from a 
prefer red  sys tem is  u t i l i z e d  t o  d e s c r i b e  t h e  p o s i t i o n  a n d  v e l o c i t y  o f  a s a t e l l i t e .  
NUMERICAL RESULTS 
We now w i l l  g i v e  some r e s u l t s  o f  a n  e r r o r  a n a l y s i s  f o r  a series o f  d i f f e r -  
e n t  c a s e s  f o r  o r b i t s  a b o u t  Mars  and Venus,  Moon, and Ea r th .  However, l e t  u s  f i r s t  
b r i e f l y  d e s c r i b e  t h e  method of t h e  e r r o r  a n a l y s i s .  
It has been Shawn t h a t  i t  is p o s s i b l e  t o  write 
where 6; = a vector of angle deviations from the directions which would be 
computed i f  the pr imary and secondary were on  the  r e fe rence  o rb i t s ,  - 
D = a vec to r  wh ich  a r i s e s  because  the  r e fe rence  o rb i t s  were chosen t o  
be Kepler orbits,  
A = a 2n x m mat r ix ,  n i s  t h e  number of s ight ings of  the secondary,  and 
m i s  t h e  number of unknowns i n  t h e  problems, 
6?(0) = a 1 x m vec tor  which  represents  devia t ions  f rom the i r  t rue  va lues  
of t h e  i n i t i a l  c o n d i t i o n s  a n d  t h e  m u l t i p l i c a t i v e  c o n s t a n t s  o f  t h e  
pe r tu rb ing   fo rces .  
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Equation (19) was de r ived  by a l i nea r i za t ion  t echn ique ,  and  hence  is  only 
an approximation.  However, w e  w i l l  assume e r r o r s  i n  t h e  measured  angles  to  be  
10 seconds of  arc .  For  these small e r r o r s ,  w e  may regard (19)  as  exact .  
Let us assume E(% + 5 )  = 0, i.e., the  expec ted  va lue  of  each  of  the  
measured angles is  i ts  t rue  va lue .  A l so ,  t he  d i s t r ibu t ions  o f  each  measu red  
ang le  a re  independen t .  And, f i n a l l y ,  t h e  s t a n d a r d  d e v i a t i o n  of each  measure- 
ment i s  10 seconds of a rc .  More p r e c i s e l y ,  f o r  e a c h  i 
(5 = o(6a  cos e . )  = U ( 6 e . )  = 10  seconds of a r c .  i 1 1 
I n  g e n e r a l ,  2n > m; i.e., t h e r e  a r e  more e q u a t i o n s  i n  (19) than unknowns. 
S i n c e  t h i s  i s  t h e  c a s e ,  a " l eas t  squa res"  so lu t ion  of (19) may be  sough t .  I f  
t h e  columns  of A a r e  l i n e a r l y  i n d e p e n d e n t  v e c t o r s ,  t h e n  t h e  " l e a s t  s q u a r e s "  
s o l u t i o n  of  (19) y i e l d s  
Hence,  the mean of  the  outputs  w i l l  b e  t h e i r  t r u e  v a l u e s .  However,  even  though 
t h e  i n p u t  e r r o r s  a r e  u n c o r r e l a t e d ,  t h e  o u t p u t  e r r o r  may be  h ighly  cor re la ted .  
I n  any  event ,  as  a measure  of t h e  e r r o r  i n  o u t p u t s  d u e  t o  t h e  i n p u t  e r r o r s ,  we 
w i l l  use  the  s tandard  devia t ion  of the  output .  
The un i t  o f  l eng th  i s  chosen  a s  the  k i lome te r ,  and  the  un i t  o f  time is 
the hour.  
Mars 
For  orb i t s  about  Mars ,  the  secondary  w i l l  f i r s t  be chosen as one or both 
of i t s  known n a t u r a l  s a t e l l i t e s ,  Phobos  and Deimos. L a t e r ,  t h e  e f f e c t  of  using 
an ejected probe w i l l  be s t u d i e d .  We assume  Mars has  an axis  of  dynamic  symmetry, 
and  hence w e  a r e  j u s t i f i e d  i n  a s s u m i n g  a p o t e n t i a l  of the form (18) i f  t h e  d i r e c -  
t i o n  of t h i s  a x i s  i s  i n c l u d e d  i n  t h e  unknowns. 
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P o s i t i o n  and Velocity Only.- Let u s  first i n v e s t i g a t e  t h e  e r r o r s  i n  p o s i t i o n ,  
a n d  v e l o c i t y  f o r  t h e  c a s e  i n  w h i c h  t h e  o n l y  f o r c e  f i e l d  i s  an  inve r se  squa re  
c e n t r a l  f i e l d ;  i .e. ,  t h a t  i s ,  no p e r t u r b i n g  f o r c e  e x i s t s .  
The o rb i t a l  e l emen t s  chosen  fo r  t he  spacec ra f t ,  Phobos ,  and  Deimos a r e  
g iven  in  Table  I V .  
Table I V  
Orbi ta l  Elements  of  Spacecraf t  , Phobos, and Deimos 
Body Tp firs) R w i e a (b) 
Spacecraf t  
305' 0 0 1 . 3 O  0.0028 23500. Deimos 31:o 1 270° 0.95O 0.017 9400. Phobos 0 4 5O 0 4056.4 
I n  F i g u r e  6 i s  a p l o t  of the dis tance between the spacecraf t  and Deimos,  
the  spacecraf t  and  Phobos , and t h e  i n t e r v a l s  o f  time over which these secon- 
d a r i e s  w i l l  be obscured by Mars. 
Table  V g i v e s  t h e  r e s u l t i n g  e r r o r s  i n  p o s i t i o n  a n d  v e l o c i t y  a t  t = 0. For 
t h i s  c a s e ,  132 s i g h t i n g s  were uniformly spaced over  10 orbi ta l  per iods of  the 
s a t e l l i t e .  Each s i g h t i n g  y i e l d s  two equat ions ,  s ince  both  az imuth  and  e leva t ion  
of the secondary were u t i l i z e d .  No s i g h t i n g s  were u t i l i z e d  d u r i n g  t h e  t i m e  i n t e r -  
v a l   i n  which the secondary was obscured by Mars. 
Table V g ives  the  r e su l t s  fo r  va r ious  cases .  G iven  a re  the  s t anda rd  dev ia -  
t i o n s o f  t h e  p o s i t i o n  and v e l o c i t y  e r r o r s  a t  t = 0. The components  of  these 
e r r o r  v e c t o r s  a r e  r e s o l v e d  i n  t h e  s y s t e m  R (0); i.e., t h e y  a r e  g i v e n  i n  t h e  
r a d i a l ,  t a n g e n t i a l ,  a n d  c r o s s - t r a c k  d i r e c t i o n s  (j = 1, 2 ) .  The 12 unknown case  
i s  t h a t  i n  which  both  the  orb i t  of t h e  s p a c e c r a f t  and  Phobos a r e  unknown. Two 
6 unknown cases  are  presented;  one in  which the orbi t  of  Phobos i s  known, and 
s ight ings  on  i t  a r e  used t o  compute  only  the  orbi t  of t h e  s p a c e c r a f t .  The 
second 6 unknown c a s e  u t i l i z e s  Deimos in s t ead  of Phobos. F i n a l l y ,  a n  18 un- 
k n w n  c a s e  is given in  which s ight ings of  both Phobos and Deimos a r e  u t i l i z e d  
t o  compute a l l  t h e  o r b i t s  of a l l  t h r e e  b o d i e s .  
j l  
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I n  a l l  c a s e s ,  t h e  r e s u l t s  i n d i c a t e  t h a t  t h e  p o s i t i o n s  a n d .  v e l o c i t i e s  may 
be computed within a r easonab le  e r ro r .  As might be expected, the case which 
y i e l d s  t h e  s m a l l e s t  e r r o r s  is t h a t  i n  which  an  accura te ly  known o r b i t  o f  Phobos 
is  u t i l i z e d .  N o t e  t h a t  i f  t h e  o r b i t  o f  Phobos is  t r e a t e d  a s  unknown, then  
t h e  a c c u r a c y  t o  w h i c h  t h e  s p a c e c r a f t ’ s  p o s i t i o n  is  determined is o n l y  s l i g h t l y  
poorer .  
From t h i s  t a b l e ,  t h e  o v e r a l l  c o n c l u s i o n  i s  tha t  the  naviga t iona l  problem 
is  well  conditioned.  Moreover,   the  proper  choice  of  problems i s  a 12 unknown 
problem i n  which the orbi ts  of  Phobos and the spacecraf t  are  determined.  
L i t t l e  i s  gained by u t i l i z i n g  s i g h t i n g s  of Deimos. 
Table V was obtained by us ing  a s p a c e c r a f t  o r b i t a l  i n c l i n a t i o n  o f  i = 45 . 0 
S e v e r a l  d i f f e r e n t  i n c l i n a t i o n s  were a l s o  u t i l i z e d .  me r e s u l t s  were t h a t  t h e  
l a r g e s t  e r r o r  was ob ta ined  fo r  i = Oo,  and the smallest f o r  i = 90 . The 
spread, however, was no t  g rea t .  
0 
Table V 
P o s i t i o n  and  Ve loc i ty  Er ro r s  a t  t = 0 
132 S igh t ings ,  10 O r b i t a l  P e r i o d s  
P o s i t i o n   E r r o r s  (km) 1 Veloc i ty   Er rors  ~ 1 No. - - __ 
a (z )  
.081 
.2 14 
,079 
.167 
. lo2 
.082 
.112 
! 1 
c o(P) 
.168  .380 
.468  1.0  
.217 .116 
.596. .112 
.214 .391 
.226 .119 
.231 .420 
~ 
d )  a(;) 
”~ .. 
Unknowns 
- ~~ ~~ 
.126 
6 
Phobos known 
6 
- ~ ~~ ~~ 
‘330 0583 Deimos known 
~. ~- 
.059 .060 
.058  .037 18 
.338 .237 
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r = e r r o r  i n  r a d i a l  d i r e c t i o n  
s = e r r o r  i n  t a n g e n t  d i r e c t i o n  
z = c r o s s - t r a c k  e r r o r  
F i n a l l y ,  i n  F i g u r e  7 w e  p lo t  what  is  d e f i n e d  a s  t h e  t o t a l  n a v i g a t i o n a l  
e r ro r  fo r  t he  cases  examined  in  Tab le  V. We d e f i n e  t o t a l  n a v i g a t i o n a l  e r r o r  
a s  9 
2 T 42(r(t))  + a2(s(t)) + 0 2 ( z ( t ) )   d t  
(q-1)T 
q = 1, 2 ,  ... 
where T = o r b i t a l  p e r i o d  o f  t h e  s p a c e c r a f t  a n d  a l l  m e a s u r e m e n t s  a r e  u t i l i z e d  
such   t ha t  0 5 t qT. 
Unknown Po~tent ia l  Parameters  and Coord. inate  Direct ion but  Mass Known.-Let 
u s  n m  assume the mass of Mars is accura t e ly  known ( i n  t h e  n e x t  s e c t i o n ,  we 
a l l o w  f o r  a n  unknown mass)  and  the  poten t ia l  is given by 
We assume J J ~ ,  J 4 , sl ,  and s2 a re   poor ly  known. The angles  5, and  ef ine 
t h e  d i r e c t i o n  of  the spin axis  of  Mars .  
2 ,  
I n  t h e  p r e v i o u s  s e c t i o n ,  w e  showed l i t t l e  was gained by s ight ing  of  Deimos 
(a t  l eas t  for  the  naviga t ion  problem and  a low a l t i t u d e  s p a c e c r a f t  o r b i t ) .  
Thus , f o r  t h e  rest of our study of Mars , w e  w i l l  o n l y  u t i l i z e  Phobos a s  t h e  
secondary body. The o r b i t  of  Phobos w i l l  b e  t r e a t e d  a s  unknown. The number 
of unknowns i n  t h e  t o t a l  problem is  then 17 o r  15  ( in  two cases  w e  g i v e  r e s u l t s  
i n  which  and z2  a r e  known). 
Four d i f f e r e n t  o r b i t s  o f  t h e  s p a c e c r a f t  were inves t iga t ed .  These four  
o r b i t s  a r e  d e f i n e d  i n  T a b l e  V I .  For a l l  o r b i t s ,  U) = L?=s = o .  
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Table VI 
Spacec ra f t  Orb i t  
Orbit 
a (km) 
4056.40 
4056.40 
3930.34 
8880.34 
e i 
0 
O0 0 
45O 
0.114494 
6 0" 0.506737 
60° 
P e r i a p s i s  h t .  A p o a p s i s  h t .  
(h) ( W  
672.06 
672.06  672.06 
672.06 
1000. 100 
1000 10000. 
Values of the parameters were chosen as follows: 
5, = 317.9 0 
0 c2 = 35.3 from 1 7 1  
J~ = 2.011 X 10-3 from 1113 
J 3  = J4 = 0 when o r b i t s  1 and 2 were used 
when o r b i t s  3 and 4 were used 
J 3  = -5 X 10 
J4 = -4 X 10 
No es t imates   o f  J o r  J a r e   g i v e n   i n   t h e   l i t e r a t u r e .  3 4 
A s  expec ted ,  t he  pos i t i on  and  ve loc i ty  e r ro r s  a re  now g rea t e r  t han  those  ob ta ined  
f o r  t h e  c a s e  i n  which no p e r t u r b a t i n g  f o r c e s  e x i s t  (compare  Table V with Table V I I ) .  
Al . so ,   for   any   par t icu lar   case   o f   the  1 7  unknown problem, o(i)>u(f)>u(.4). Dele t ion  
of  the  d i rec t ion  of  the  ax is  of  symmetry as  an  unknown reduces ~ ( z )  and ~ ( i )  more 
t h a n   t h e   o t h e r   p o s i t i o n  and v e l o c i t y  e r r o r  components,   respectively.  However, t h i s  
d e l e t i o n  h a s  l i t t l e  e f f e c t  i n  r e d u c i n g  t h e  p o t e n t i a l  p a r a m e t e r  e r r o r s .  
A t  present ,   as t ronomic  measurements   yield O ( 6 J  )'lo , ~ ( 6 5 ~ ) & ( 6 5 ~ ) =  lo. Hence, - 3  2 
t h e  s i g h t i n g  c a n  be expected t o  y i e l d  c o n s i d e r a b l e  improvement i n  o u r  knowledge  of 
t he  Mar t i an  po ten t i a l .  
Unknown Mass, Potent ia l  Parameters ,  and Coordinate  Direct ion.-Let  us  now con- 
s i d e r  e x a c t l y  t h e  same c a s e  a s  t h a t  p r e s e n t e d  by O r b i t  No. 3 i n  Table V I 1  except  
w e  now assume t h a t  t h e  mass  of  Mars i s  unknown. Hence,  the  problem now has  18 
unknowns. Resul t s   o f  this c a s e  a r e  shown i n  T a b l e  V I I I .  
From t h i s  t a b l e ,  w e  see t h e  method i s  very poor i f  t h e  mass of Mars  and t h e  
o r b i t  of  Phobos are unknown. Note t h e   l a r g e   v a l u e s  of a ( r ) ,  a(&), and U(6m).  The 
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132 Sight ings  - 
Veloc i ty  Er ro r s  a t  
(kmlhr) 
t = O  
P o s i t i o n  E r r o r s  a t  Potent ia l  Parameter  
Er rors  x 10 5 
Ax i s  
Direc t ion  
(secs .  o f  a r c )  
t = O  
-
o(g 1 
- 
.06 
.43 
.05 
.42 
.06 
.42 
.05 
.42 
.18 
.46 
.10 
.4 1 
.07 
.54 
* 06 
.51 
.08 
.20 
.06 
,18 - 
- 
Orbit  
No. - 
1 
1 
1 
1 
2 
2 
3 
3 
4 
4 
- 
- 
No. of 
Unknowns 
No. of 
O r b i t s  
10 
20 
10 
20 
10 
20 
10 
20 
10 
20 
W J 4 )  
7.15 
6.79 
7.13 
6.65 
35.7 
8.81 
1.05 
.40 
1.15 
.55 
m C 2 )  
622 
81 
"- 
-" 
165 
81 
863 
133 
162 
88 
a ? )  
3.74 
1.03 
.68 
.34 
.13 
.40 
.12 
.30 
.23 
.55 
.16 
.45 
5.06 
1.35 
.76 
.91 
.32 
1.31 
.14 
.89 
4 5 )  
1 7 . 1  
35.4 
2.28 
4.65 
.06 
.32 
.07 
.30 
4 .1  
9.4 
2.0 
4.6 
21.6 
55.9 
3.37 
8.58 
4 .0  
10.6 
2.17 
5.61 
a(s 1 
4.41 
.37 
.81 
.13 
.21 
.16 
.21 
.12 
.36 
.33 
.27 
.29 
5.95 
.37 
.91 
Body 
Phobos 
S I C  
Phobos 
S I C  
Phbbos 
S I C  
Phobos 
s Id 
Phobos 
s I C  
Phobos 
S I C  
Phobos 
S JC 
Phobos 
S I C  
Phobos 
s I C  
Phobos 
s I C  
o ( z )  
- 
19.54 
.24 
2.49 
.51 
.09 
.22 
.08 
.19 
5.61 
.17 
2.74 
.16 
29.4 
2.90 
4.49 
.53 
5.59 
.40 
3.03 
.10 
.08 
.14 
.07 
.14 
.07 
.14 
.06 
.14 
.22 
.17 
.ll 
.15 
.10 
.16 
.07 
17 
17 
15 
15 
17 
17 
17 
17 
17 
17 
1.57 
1.49 
1.57 
1.46 
3.66 
1.40 
.57 
.26 
.12 
.23 
.12 
1.44 
1.41 
1.21 'I 
I 
.15 I, .28 
.09 1 .43 
*lo i .62 
.08 .23 
.09 1 .44 
Table V I I :  Posit ion,   Velocity,   and  Parameter  Errors mass of Mars Known) 
No. of 
Orbi ts  
10 
20 
~ 
Body 
Phobos 
SIC 
Phobos 
SIC 
Posi t ion Errors  
a t  t = 0 (Ian) 
547 5.66 27.0 
206 .37 2.8 
358 .85 4.1 
135 .28 .5C 
Velocity Errors 
a t  t = O(h1hr)  
4.8 464 20 
1.3 7 9 1  51  
. 7 1  304 3.1 
.93 518 7.8 
Potential Parameter 
Errors  
1.97 x 
2.06 x 5.61 x lom5 1.23 x 
3.33 x 1.26 x 18 
.ll 
160 
25.8 
Direct ion 
(sec .of a r c )  Axil 
Table V I I I :  Posi t ion,  Veloci ty ,  and Parameter  Errors (Mass of Mars Unknown) 
a n a l y t i c  r e a s o n  f o r  t h e s e  p o o r  r e s u l t s  i s  obvious ,  for  the  equat ions  of m o t i o n '  
a r e  of the  form 
where (T) i s  s m a l l   i f  J2, J 3 ,  and J4 a r e   s m a l l .  
NOW l e t  AX = 7 
A M = m ,  where A i s  a cons t an t .  3 
Since  no  lengths  a re  measured ,  the  fac tor  A does  no t  appea r  i n  the  cons t r a in t  
e q u a t i o n s  i f  t h e s e  e q u a t i o n s  a r e  e x p r e s s e d  i n  t h e  new v a r i a b l e s .  However, i n  
terms of  the new v a r i a b l e s ,  t h e  e q u a t i o n s  of motion become 
.. 
R = -  
n u s ,  w e  n o t e ,  i f  g =_ 0 ,  then  the  equat ions  of motion are  independent  of  ?, .
Since i s  small, i t  can  be  expected  that  r and m a re   near ly   dependent ,   and  
thus cannot be w e l l  determined by the measurements. A penalty thus must be 
paid for  not  measuring lengths .  
- 
I n  summary, s i g h t i n g  of Phobos from a spacec ra f t  y i e lds  accu ra t e  de t e rmina -  
t i o n  of t he  spacec ra f t ' s  o rb i t ,  t he  o rb i t  o f  Phobos ,  and  the  po ten t i a l  pa ra -  
meters. However, t he  mass  of  Mars  cannot  be  treated  as unknown i n  t h e  t o t a l  
problem. 
Ejected Probe.-Thus far,  w e  have  u t i l i zed  on ly  Phobos a s  t he  secondary  
s a t e l l i t e  i n  d e t e r m i n i n g  t h e  p o t e n t i a l  o f  Mars. We have observed that i f  t h e  
o r b i t  o f  Phobos  and the  mass of Mars a r e  t r e a t e d  a s  unknown, then  in to l e rab ly  
l a rge  e r ro r s  a re  p roduced .  Th i s  r e su l t  occu r s  because  no lengths   are   measured.  
Let us now inves t iga t e  the  to t a l  p rob lem aga in  u t i l i z ing  Orb i t  No. 3 of 
Table VI1 f o r  t h e  c a s e  i n  which an ejected probe of known e jec t ion  speed  is  
u t i l i z e d .  Note tha t   the   e jec ted   speed   in t roduces  a known length .  
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Let the probe be ejected so t h a t  
Av = 4 h / h r  ( e j e c t i o n  s p e e d )  
The angles  cyo and g o  d e t e r m i n e  t h e  d i r e c t i o n  o f  e j e c t i o n  a s  shown i n  F i g u r e  8. 
We w i l l  assume t h e s e  a n g l e s  t o  b e  unknown, but  AV known. 
/ 
/ 
a' PLANET'S CENTER 
NORMAL TO / 
SPACECRAFT'S 
VELOCITY ---"- 
Figure 8: D i r e c t i o n  of Eject ion with Respect  to  System 
which Mwes with Spacecraft  
In   F igures  9, 10,  and 11 r e s u l t s  of two cases   a re   p resented .  One case  
u t i l i z e s  1 0  s i g h t i n g s  p e r  s p a c e c r a f t  o r b i t a l  p e r i o d  on the ejected probe and 
10  s igh t ings  pe r  per iod  on Phobos ;  the  o ther  u t i l i zes  only  the  s igh t ings  on 
the probe. The f i r s t  c a s e  i n  which  Phobos is used  conta ins  s ix  more  unknowns 
than  the  second case .  The two cases have 20 and 14 unknmns,  respect ively.  
Figure 9 g ives  the  e r ro r  i n  mass of Mars, navigational e r r o r  of the 
s p a c e c r a f t ,  a n d  e r r o r  i n  J3 fo r  bo th  cases  a s  a funct ion of  the number of 
orbi ta l  per iods  over  which  the  da ta  is ga thered .  Here, n a v i g a t i o n a l  e r r o r  is 
de f ined  as 
4 1  
v) 
K 
0 
W 
K 
a 
0. 
5 
\ 
b 
\ 
\ 
\ 
"" PROBE 8 PHOBOS I 
10 SlGHTlNGS /ORBIT ON BOTH 
PROBE  ALONE 
10 SIGHTINGS / ORBIT 
-
\ 1 
10 15 20 25 
No OF ORBITS 
Figure 9: To ta l  Nav iga t ion  Er ro r ,  Mass Error,   and J3 Error .  
S ight ing  of  Probe Alone, and Probe and Phobos 
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"" 
PROBE 8 PHOBOS 
10 SlGHTlNGS 1 ORBIT ON BOTH 
\ 
\ -  
\ 
PROBE ALONE 
IO SlGHTlNGS /ORBIT 
\ 
\ 
\ 
\ 
10 IS 20 25 
No O F  ORBITS 
Figure 10: E r r o r   i n  J and by Sight ing  of  Probe  Alone, 
and  Probe  and Pho6os 2 
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No OF ORBITS 
25 
Figure 11: E r r o r s  i n  J4 and 5 ,  Sigh t ing  of Probe  Alone, 
and  Probe  and  Phobos 
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and r ,  s ,  and z a r e  d e f i n e d  i n  F i g u r e  3. Note t h a t  t h e  mass de te rmina t ion  
i s  a l w a y s  b e t t e r  i f  Phobos is  used in  conjunct ion with the probe.  
I n  F i g u r e  10 w e  p l o t  t h e  e r r o r  i n  F 2  and J 2  f o r  t h e  two cases .  s2  i s  t h e  
codec l ina t ion  of  the  ax is  of  symmetry of  Mars .  F ina l ly ,  in  F igure  11 w e  p l o t  
t h e   r r o r   i n   ( r i g h t   a s c e n s i o n )   a n d  J 4 .  1 
In g e n e r a l ,  t h e r e  is no g r e a t l y  s i g n i f i c a n t  d i f f e r e n c e  b e t w e e n  r e s u l t s  
ob ta ined  wi th  and  wi thout  s igh t ings  of Phobos along with the probe;  except  that  
i n  t h e  f i r s t  c a s e ,  a n  a c c u r a t e  o r b i t  of  Phobos is  determined. 
It is somewhat d i f f i c u l t  t o  e v a l u a t e  t h e  improvement i n  a c c u r a c y  a f f o r d e d  
by s igh t ing  o f  t he  p robe  ove r  t ha t  ob ta ined  by s i g h t i n g  Phobos alone from the 
da t a  w e  have  presented .  Reca l l  tha t  Table  V I 1  ( s igh t ing  of  Phobos alone)  was 
cons t ruc ted  by u t i l i z i n g  t h e  a s s u m p t i o n  t h a t  t h e  mass of Mars was known; h m -  
e v e r ,  i n  F i g u r e s  9 ,  10,  and 11we assumed t h e  mass t o  be unknown. Even though 
t h i s  .is t h e  c a s e ,  t h e  improvement obtained by the  probe  is about a f a c t o r  o f  
t h r e e  f o r  p o s i t i o n ,  15 f o r  J 2 ,  30 f o r  J 3 ,  23 f o r  J 4 ,  and f i v e  f o r  t h e  d i r e c t i o n  
o f  t h e  a x i s  o f  s y m e t r y .  
I f  s i g h t i n g s  of the  probe  and  Phobos  a re  u t i l i zed ,  the  improvement  in  
the  o rb i t  de t e rmina t ion  o f  Phobos  (versus Phobos alone)  i s  given i n  Table IX. 
Table IX 
Comparison of Accuracy of P o s i t i o n  a n d  V e l o c i t y  a t  t = 0 of Phobos 
With  and  Without  Probe  Sightings,  Orbit No. 3 .  Martian Mass Unknown With 
Probe, Known Without Probe. 
No. of 
Probe  Probe Probe Probe Probe Probe 
Without  With Without With Without  With Orb i t s  
E (km/hr) c 1 No. of Measurements 
10 
3.46 0.84 4.58 1.46 2 64 3 00 20 
22.2  5.94 30.0 8.82 2 64 150 
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Venus 
J2 and Direction  of  Axis  of Symmetry Unknown . - Known . ~. E j e c t i o n  " _  Speed.-Of a l l  
t h e  p l a n e t s ,  Venus is  the  most  near ly  spher ica l .  Its e q u a t o r i a l  a n d  p o l a r  r a d i i  
are  both est imated to  be 6100 _+ 50 k i lometers .  Thus, it  is d i f f i c u l t  t o  d e t e r -  
mine t h e  c o e f f i c i e n t s  o f  t h e . h i g h e r  o r d e r  terms i n  t h e  p o t e n t i a l .  N o  e s t ima tes  
a r e  g i v e n  i n  t h e  l i t e r a t u r e .  Here w e  assume a l l  c o e f f i c i e n t s  a r e  z e r o  e x c e p t  J 2' 
The o r b i t  c h o s e n  f o r  t h e  s p a c e c r a f t  i s  def ined  by 
a = 6587 k i lometers  
e = .0151814 
i = 60 
R = r o = T  = O .  
0 
P 
These  elements  imply a p e r i a p s i s  and apoapsis  a l t i tude of  387  and  587 k i lome te r s ,  
r e spec t ive ly .  
We assume t h e  s p i n  a x i s  t o  b e  c o i n c i d e n t  w i t h  t h e  a x i s  o f  dynamic  symmetry 
of  Venus. This assumption  and  data from [ 6 ]  thus  implies  
s1 = 272 .75   ( r igh t   a scens ion   o f   sp in   ax i s )  
5 = 18.5  (co-declination).  
0 
0 
2 
Venus has no known n a t u r a l  s a t e l l i t e s ,  h e n c e  t h e  s e c o n d a r y  must be an 
e jec ted  probe .  We assume t h a t  t h e  p r o b e  is e j e c t e d  w i t h  known speed,  but  poorly 
known d i r e c t i o n .  It tu rns  ou t  t ha t  t he  to t a l  p rob lem is  u n s t a b l e  i f  t h e  e j e c t i o n  
speed is  t r e a t e d  a s  unknown. We w i l l  d i s c u s s  t h i s  p o i n t  l a t e r .  A l s o ,  we w i l l  
show t h e  e f f e c t  o f  a n  e r r o r  i n  t h e  e j e c t i o n . s p e e d .  
We d e f i n e  t h e  d i r e c t i o n  o f  e j e c t i o n  w i t h  r e s p e c t  t o  t h e  c o o r d i n a t e  R (0) 11 
by  two ang le s ,  a, and e,, a s  p i c t u r e d  i n  F i g u r e  8 .  
Let us s e t  
Av = 4 km/hr 
cy, = 3 6 O  
go = 49O. 
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These parameters imply that the maximum dis tance between the spacecraf t  and 
p r o b e  i n  10 o r b i t a l  p e r i o d s  is 86.39 km, 86.50 Ian, and 86.51 km f o r  J2 = 
and  respect ively.  Assume no e r r o r s   i n   t h e  mass of Venus  and t h e  
e j ec t ion   speed .   The re   a r e  11: unknclwns i n  t h e  problem. These unknawns a r e  g i v e n  
i n  T a b l e  X ,  a l o n g  w i t h  r e s u l t s  f o r  v a r i o u s  v a l u e s  of J2. 
From Table X w e  n o t e  t h a t  a s  J2 becomes smal le r  , t h e  e r r o r s  become l a r g e r .  
I n  f a c t ,  f o r  J2 5 10 the  problem becomes so i l l - c o n d i t i o n e d  t h a t  n o  s o l u t i o n  
could  be  found. The p h y s i c a l  r e a s o n  f o r  t h i s  f a c t  i s  t h a t  f o r  s m a l l  J2, t h e  
d i r e c t i o n  o f  t h e  p l a n e t ' s  a x i s  of synnnetry is poorly  def ined.  It is undefined 
f o r  J2 = 0. 
-6 
For   r ap id ly   ro t a t ing   p l ane t s   ( e .g .   Jup i t e r  and  Saturn) J can  probably  be 2 
es t imated  c lose ly  by a s suming  the  p l ane t  t o  be  in  hydros t a t i c  equ i l ib r ium.  HW- 
ever ,  for  such  a s l m l y  r o t a t i n g  p l a n e t  ( s i d e r e a l  p e r i o d  = 243.2 days  re t rograde) ,  
t h e  e f f e c t  o f  c e n t r i f u g a l  f o r c e  is second  order. It is  d i f f i c u l t  f o r  u s  t o  es t i -  
mate J2 for Venus,  but i t  is  h i g h l y  l i k e l y  t h a t  i t  i s  sma l l e r  t han  tha t  o f  t he  
Ea r th  o r  moon. 
I n  T a b l e  X I  we  show the effect  of  adding the mass of  Venus a s  a n  unknown. 
R e c a l l  t h a t  f o r  t h e  c a s e  o f  Mars adding mass as  an  unknown g r e a t l y  i n c r e a s e d  
t h e   e r r o r s .  A s i g n i f i c a n t ,   b u t   n o t   i n t o l e r a b l e   i n c r e a s e   i n   p o s i t i o n  and ve- 
l o c i t y  e r r o r s  a r e  shown for   the   p resent   case .   This  i s  because  the  e ject ion  speed 
supp l i e s  a length  measurement which was missing when on ly  the  d i r ec t ion  o f  Phobos 
was measured. The accuracy  of  the mass determination,  however,  i s  not  impressive.  
Our present  knowledge  (Table  I)  gives 6m/m = 1.5  x 10 . -6 
Note tha t  (Table  X I )  de l e t ing  the  d i r ec t ion  o f  t he  ax i s  o f  symmetry  from 
the  unknovnsgrea t ly  dec reases  the  e r ro r s  i n  a l l  r ema in ing  unknowns except  
(disappoint ingly)   the  mass .  
In  F igu re  12 w e  p l o t  t h e  e r r o r s  a s  a func t ion  of the  number of o r b i t a l  
per iods over  which data  was ga thered .  Here J2 = loe3, and 13 s i g h t i n g s I l 0  o r b i t a l  
per iods  were u t i l i z e d .  
47 
Table X: E r r o r s  i n  ?I (O), J2 ,   D i rec t ion  of Axis of Symmetry,  and Direct ion of Ejec t ion :  Speed  of 
Ejection ana Mass of Venus Known 
Errors  (km) 
O(6Y) U(6 2) 
I I .042  .451 1.65
,041 2.12 6.60 
.041 21.0 62.9 
” ” ” 
” ” ” 
Velocity  Errors  (km/hr) 
x lo6 o(6R) o(6 i )  o(6;) 
O(6J2)  
4.63 170  98.1 3.1 
18.2  1790  103 3.3 
172  19600  11300 3.6 
” ” ” ” 
” ” ” ’ ” 
10 o r b i t a l  p e r i o d s  of da ta  - 130 s igh t ings  
Axis Dir. (min) Ejec t ion  Dir. (min) 
a(6t1) o(6S2) cos o(6q  
.85 27 
157  183 3.6  280 
15  17 
1710  2000 35  3058 
“ 
” ” I ” ” 
” I 
Table XI: Ef fec t  of  Adding Mass as  an Unknown. Also Effect  of Dele t ing  Direc t ion  of Axis of Symmetry 
Unknowns 
10 
Posi t   ion 
Error  Err or 
O(6J2) Speed 
(km) x 10 t(km/hr) 
6 
30.9 
3.4 2694 3 1 7  
3.2  238.9 
29.4 
.82 148 37.8 
.77 115 
Axis   Direct ion  Eject ion D i  
(min) I (rnin) ec t ion o(6m) 
~ ( 6 3  m 
18 
.174 1 
.013 1 
.185 192 
.014 
10  o rb i t a l  pe r iods  of da ta  - 130 s igh t ings  
a. = 0 
J, = 1 0 ' ~  
Eo = 45O 
13 SIGHTINGS / 10 ORB ITS 
m 
I 
X6 u ( 8 J 2 ) x  10 
10 20 30 40  5  60 
NUMBER OF ORBITS 
Figure 12: Effect of Addit ional  Measurements and Orbits  on 
Errors 
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I 
I n  o r d e r  t o  a s s u r e  t h a t  t h e  p r o b e  i s  no t  t oo  f a r  f rom the  spacec ra f t ,  t he  
angles  of e j e c t i o n  f o r  t h e  c a s e  shown i n  F i g u r e  12  were changed so t h a t  
(Yo = 0 
€0 
= 45O, where t h e s e  a n g l e s  a r e  d e f i n e d  i n  F i g u r e  8. 
T h i s  e j e c t i o n  d i r e c t i o n  w i l l  be u s e d  i n  t h e  rest o f  t he  ana lys i s .  Se t t i ng  cyo = 0 
i n s u r e s  ( a t  l e a s t  t o  a f i r s t  o r d e r )  t h a t  no secular  dependence is  p r e s e n t  i n  t h e  
dis tance  between  the  probe  and  the  spacecraf t .   During a period  of   100  orbi ts  
t h e  maximum distance between the probe and spacecraft  i s  3 .91  k i lometers .  
Note that even though more s i g h t i n g s  were used  fo r  t he  case  p re sen ted  in  
Table  X I  t h a n  t h a t  p r e s e n t e d  i n  F i g u r e  1 2 ,  a f t e r  10 o r b i t s  t h e  e r r o r s  a r e  s m a l l e r  
i n  t h e  l a t t e r  c a s e .  T h i s  r e s u l t s  b e c a u s e  a more jud ic ious   choice  of t h e  e j e c t i o n  
d i r e c t i o n  y i e l d s  a smal le r  d i s tance  be tween the  spacecraf t  and probe. 
Seve ra l  o the r  cases  were t r i e d  i n  which t h e  p l a n e t ' s  mass was unknown, but  
e r r o r s  i n  t h e  mass determinat ion  were  a lways  qui te   large.  A t  t h i s  p o i n t ,  w e  
conclude that  our  method i s  somewhat p o o r l y  c o n d i t i o n e d  i f  t h e  p l a n e t ' s ' m a s s  i s  
unknown I n   t h e  rest of t he   ana lys i s  we assume t h e   p l a n e t ' s  mass i s  g iven .  
Let  u s  look a t  one more case  be fo re  l eav ing  th i s  s ec t ion :  
(1) Mass known 
(2) cyo = 0 
g = 45O 
0 
(3) Av = 4 km/hr 
(4 )   f i ve   s igh t ings /o rb i t  
(5) .J* = and 
Condit ions ( l ) ,  (2), (3 ) ,  and ( 4 )  w i l l  be  used i n  t h e  r e s t  o f  o u r  s t u d y  o f  Venus. 
Resu l t s  of t h i s  c a s e  a r e  shown. i n  F i g u r e s  13 and 14. Note t h a t  a l l  e r r o r s  a r e  
s i g n i f i c a n t l y  l a r g e r  f o r  t h e  s m a l l e r  v a l u e  o f  J2 except  0 ( 6 J 2 )  i t s e l f .  
J2'c-1, and S21 Unknown.-In o r d e r  t o  overcome t h e  s i n g u l a r i t y  i n h e r e n t  i n  
t h e  above formulation for J =0, a d i f f e r e n t  and more convent ional  formulat ion w i l l  
now be made. 
2 
50 
5 IO 15 20 25 30 35 40 
No OF ORBITS 
Figure 13: Error i n   I n i t i a l   P o s i t i o n  and Veloc i ty .  J~ = 
cyo = 0, go = 45O, Five  Sightings  per  Orbit.  
Mass Known 
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Figure 14: E r r o r   i n   D i r e c t i o n  of  Symmetric Axis, and J2. 
J .  = and a. = 0, E, = 45'. Five 
Sight ings  Per   Orbi t .  Mass Known 
2 
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Assume a body has an axis of symmetry.and a p o t e n t i a l  which includes 
terms with Legendre polynomials up to degree k when the  p re fe r r ed  coord ina te  
system i s  u t i l i z e d .  Then a s  was . obse rved  in  ou r  d i scuss ion  o f  t he  po ten t i a l ,  
a s y s t e m  s l i g h t l y  removed  from t h e  p r e f e r r e d  s y s t e m  i n t r o d u c e s  f i r s t  o r d e r  
Legendre  func t ions  i f  the  removed system i s  u t i l i z e d  t o  e x p r e s s  i t s  p o t e n t i a l .  
We now assume t h e  p o t e n t i a l  o f  Venus t o  be 
SO,  C and S a r e  now used  as unknowns ins tead   of  5 and 5 Note t h a t  even 
i f  J2 = 0 ,  C 2 1  and  S21 have  phys ica l  s ign i f icance ,  bu t  5,  and % 2  do not .  
2 1   2 1  1 2 '  
For  the  present  s tudy  we s e t  t h e  d i r e c t i o n  o f  e j e c t i o n  so  t h a t  a0 = 0 ,  
E = 45'. A l l  o r b i t a l   p a r a m e t e r s   a r e   t h e  same as   before .  However, f i v e  
s igh t ings   a r e   sp read   un i fo rmly   ove r   an   o rb i t a l   pe r iod .   Moreove r ,  i t  i s  assumed 
the  e j ec t ion  speed  i s  known as  i s  4 km/hr. The present  problem  has 11 unknowns. 
0 
Resu l t s  fo r  t he  case  J = lom5,  C21 = lo-', and SZ1 = 0 ,  a r e  shown i n  
Table  X I I .  However, two o t h e r   c a s e s   v i z .  J2 = C 2 1  = S21 = 0;  and J2 
2 
= CZ1 = s21 = 0 y i e l d s  a l m o s t  i d e n t i c a l  r e s u l t s .  T h i s  r e s u l t  i s  i n  s h a r p  
con t r a s t  w i th  those  ob ta ined  fo r  t he  fo rmula t ion  in  which t h e  d i r e c t i o n  o f  t h e  
a x i s  of  symmetry was unknown instead  of  SZ1 and CZ1. A l s o ,  t h e  e r r o r  i n  i n i t i a l  
v e l o c i t y  i s  much sma l l e r  i n  the  p re sen t  fo rmula t ion .  
Table X I I :  E r r o r s  i n  I n i t i a l  P o s i t i o n  and Veloc i ty ,  J2, CZ1, and  SZ1 as  a Func- 
t i o n  of Number o f  O r b i t s ,  Mass known 
No. of 
Orb i t s  
5 
10 
15 
20 
25 
30 
35 
40 
. .  - ~ .. . . ~ 
~. 
- i L - " " ~~ ~ 
(km) 
1.15 
.82  
.67 
.58 
.52 
.48 
.44 
.41 
1.37 
.95 
.85 
.67 
.60 
.55 
.51  
.48 
2.80 
.98 
.54 
.35 
.25 
.19 
.15 
.13 
~- 
o(6S21)x10 9 
65.0 
11.3 
4.10 
2.03 
1.14 
.72 
.49 
.35 
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E f f e c t  of E jec t ion  Speed  Er ro r s  
E x t r e m e l y  l a r g e  e r r o r s  i n  a l l  parameters  are obta ined  i f  t h e  e j e c t i o n  
speed is taken a s  a n  a d d i t i o n a l  unknown i n  t h e  t o t a l  problem.  The  reason for 
t h i s  f a c t  i s  t h a t  
- 
where R2 - R = p o s i t i o n  oE p r o b e  w i t h  r e s p e c t  t o  s p a c e c r a f t ,  - 1 
Av = e jec t ion  speed ,  
6, = 3 x 3 matrix,  and 
= e j e c t i o n  d i r e c t i o n .  
0 
Thus ,  t he  d i r ec t ion  to  the  p robe  a s  a func t ion  o f  time i s  near ly  independent  of 
t h e  e j e c t i o n  s p e e d .  S i n c e  o n l y  t h i s  d i r e c t i o n  i s  measured,  the  measurements 
weakly  de te rmine  the  e jec t ion  speed .  
The s i t u a t i o n  w i t h  r e s p e c t  t o  t h e  d i r e c t i o n  o f  e j e c t i o n  i s  j u s t  t h e  oppo- 
s i t e .  T h a t  i s ,  t h e   g e n e r i c   d i r e c t i o n  is  s t rongly   dependent   on   the   e jec t ion  
d i r e c t i o n  and  thus  the  e j ec t ion  d i r ec t ion  is always accurately determined by 
the measurements. 
I n  a l l  o u r  p r e v i o u s  a n a l y s e s ,  we assumed t h e  e j e c t i o n  s p e e d  was  known 
e x a c t l y .  More p r e c i s e l y ,  we assumed  no  systematic  errors.  The random e r r o r s  
i n  t h e  measurement  of  the probe 's  direct ion then gives  r i se  t o  random e r r o r s  
in  the  output  parameters  wi th  mean zero  and  the  repor ted  s tandard  devia t ion .  
Le t  us  now i n v e s t i g a t e  t h e  e f f e c t  of a s y s t e m a t i c  e r r o r  i n  t h e  e j e c t i o n  
speed .  In  gene ra l ,  any  sys t ema t i c  e r ro r  w i l l  f o r c e  upon  us  e r ro r s  i n  the  ou tpu t  
parameters with non-zero means,  but the standard deviation w i l l  be unaffected.  
Thus ,  our  prev ious  resu l t s  may s t i l l  b e  i n t e r p r e t e d  a s  t h e  s t a n d a r d  d e v i a t i o n  o f  
the parameter  . 
Let us now g ive  the  sys t ema t i c  e r ro r  p roduced  by  an  e r ro r  i n  the  e j ec t ion  
speed   fo r   t he   f i ve   p r inc ipa l   ca ses   s tud ied   p rev ious ly .   (See   Tab le  X I I I . )  
Fo r  t hese  cases ,  we assume t h e  mass of Venus  known. 
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Figure  15  i s  a p l o t  o f  t h e  s y s t e m a t i c  e r r o r  i n  t h e  s p a c e c r a f t ' s  i n i t i a l  
p o s i t i o n  and  ve loc i ty ,  whi le  F igure  1 6  y i e l d s  t h e  s y s t e m a t i c  e r r o r s  i n  J2, 
CZ1' and SZ1' These  p lo t s  a r e  fo r  Cases  111, I V ,  and V (Table X I I I )  and 
6Av = . O l A v  ( t h e  e r r o r  i n  t h e  e j e c t i o n  s p e e d  is 1/100 of t h e  t r u e  e j e c t i o n  
speed) .  We d e f i n e  t h e  p o s i t i o n  and v e l o c i t y  e r r o r s  p l o t t e d  i n  F i g u r e  1 5  
a s  the  squa re  roo t  o f  t he  sum of   the  squares  of t h e  component e r r o r s .  F o r  
the  case  shown the  t rue  magn i tudes  o f  t he  in i t i a l  pos i t i on  and  ve loc i ty  a re  
6 , 4 8 7  kilometers  and 2 5 , 3 6 7  km/hr, r e spec t ive ly .  
From t h e s e  f i g u r e s ,  t h r e e  main gene ra l i za t ions  may be made as  fol lows:  
(1) Smal l e r   pe r tu rba t ions   y i e ld   sma l l e r   sys t ema t i c   e r ro r s  due t o  
e j e c t i o n  s p e e d  e r r o r s .  
( 2 )  I n  g e n e r a l  (Case V i n  which   the   per turb ing   forces   a re   zero  
o f f e r s  e x c e p t i o n s ) ,  t h e  s y s t e m a t i c  e r r o r s  i n  i n i t i a l  p o s i t i o n ,  
v e l o c i t y ,  and C21 increase  wi th  increas ing  number of  measure- 
ments  and  measurement time i n t e r v a l .   T h i s  i s  i n  c o n t r a s t  w i t h  
t h e  e f f e c t  of random i n p u t  e r r o r  which  always  imply a decrease 
i n  o u t p u t  e r r o r s  a s  more  measurements  and a longer  time i n t e r v a l  
a re  used .  
(3) I f  t h e  e r r o r  i n  e j e c t i o n  s p e e d  i s  on the order  of  1% or less, 
t h e  r e s u l t i n g  o u t p u t  e r r o r s  a r e  r e a s o n a b l y  s m a l l .  
Table X I I I :  Cases  for  Which Systematic  Error has Been Studied 
Parameters 
-5 
-;i- .. . .. . ~ 
J, = 10 - 
51,  5 2  
~~. __". . "- 
Random Error 
Resu l t s  
.. . , ~ ~ ~ _ . =  
Figures  
13  and  14 
J = 10 -6 
2 
51, 5 2  
Table X I I ,  
I V Y  and V 
y i e ld  a lmos t  
i d e n t i c a l  
r e s u l t s .  
~ ~ _ _ _  
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Comments 
S y s t e m a t i c  e r r o r s  s l i g h t l y  l a r g e r  
i n  Case I t h a n  i n  11, but  random 
e r r o r s  were s i g n i f i c a n t l y  l a r g e r  
i n  I1 t h a n  i n  I. 
S y s t e m a t i c  e r r o r s  s m a l l e r  f o r  
sma l l e r  pe r tu rba t ions  bu t  random 
error nearly independent of magni- 
tude of  per turbat ions.  
lo 5 
-5 5 
-4” - -”” 
”/ 
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Figure 15: Mean E r r o r  i n  I n i t i a l  P o s i t i o n  and  Velocity  as a 
Function of Number of Orb i t s .  6Av = .01 AA.  
Cases 111, IV, and V 
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Figure  16: Mean Errors i n  J and S as a Function of 
Number of Orbits .  6Av = .01 Av. Cases 111, Iv, 
and V 
2'  c21' 21 
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I 
F i n a l l y ,  i n  F i g u r e s  17 and 18 w e  p l o t  t h e  v a l u e  of I6Avl /Av which w i l l  
produce a s y s t e m a t i c  e r r o r  i n  any one parameter equal to the random e r r o r  
in  that  parameter .  For  example,  f rom Figure 18 w e  see t h a t  f o r  C a s e  I11 
a f t e r  20 orb i t s  of  measurements ,  the  magni tude  of  the  sys temat ic  e r ror  in  
t h e  s p a c e c r a f t ' s  i n i t i a l  v e l o c i t y  i s  e q u a l  t o  t h e  random e r r o r  i f  l6Avl 
= .086 Av. I f  ISAvl < .086  Av,  then  the  magnitude of t he  sys t ema t i c  e r ro r  
w i l l  be l e s s  t han  the  random er ror .  For  Case  I V ,  only  the  parameter  C 
r e q u i r e s  16Av1 < IAvI , f o r  a l l  o t h e r  p a r a m e t e r s  I6Avl > IAvl . That i s ,  
t h e  e r r o r  i n  t he  e j ec t ion  speed  i s  a c t u a l l y  g r e a t e r  t h a n  t h i s  s p e e d ,  t o  
y i e l d  a sys t ema t i c  e r ro r  i n  these  o the r  pa rame te r s  equa l  t o  the i r  r e spec t ive  
random error .   For   Case V ,  no parameter   requi res  l(jAvl < IAvI . 
2 1  
Moon 
We assume the moon has a p o t e n t i a l  of the form 
x (cji cos  i e + s s i n  i e)] j i  
where r ,  d ,  8 = sphe r i ca l  coord ina te s  o f  gene r i c  ex te rna l  po in t ,  
Also 
and 
maxi 
G = u n i v e r s a l  g r a v i t a t i o n  c o n s t a n t ,  
m = mass of the, moon, and 
e r = equator ia l   rad ius   1738.09  km. 
, we assume a l l  f o r c e s  on the  spacecraf t  and  probe  a re  g iven  by -VV. 
Three   o rb i t s   about   the  moon w i l l  be u t i l i z e d .  The i n i t i a l  p o s i t i o n  
v e l o c i t y  and i n i t i a l  o r b i t a l  e l e m e n t s  a r e  g i v e n  i n  T a b l e  X I V .  The 
mum distance between the probe and spacec ra f t  is dependent on the choice 
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Figure  17:  Fractional  Error i n  E j e c t i o n  Speed Which Implies a Systematic  Error 
i n  Output Parameters  Equal i n  Magnitude to its  Random Error. Case 
I and 11. 
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Figure 18: F r a c t i o n a l  E r r o r  i n  E j e c t i o n  Speed  which I m p l i e s  a 
Systematic  Error  in  Output  Parameters  Equal  in  
Magnitude t o  i t s  Random Error.  Case 111, I V ,  and V 
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TABLE X I V :  I n i t i a l  P o s i t i o n ,  V e l o c l t y ,  and O r b i t a l  
Elements ' of  Orb i t s  1, 2 ,  and 3 
O r b  
s / c  
2 160 
0 
0 
0 
2844.16 
L926.23 
2400 
" 
.1 
60° 
0 
0 
0 
2.930 
"~ 
. ~~~ .. 
421.91 
901.91 
- .. 
: 1  _____ 
Probe 
!160 
0 
0 
2.828 
!841.71 
b927.65 
!400.00  145 
.100002 
60.03' 
0 
-. 31' 
- .002 
2.930 
- - " 
421.91 
901.92 
____- - 
T 1 
I T 
T 
S /C 
1935 
0 
0 
0 
3004.974 
5204.767 
2150 
~~ 
.1 
60' 
0 
0 
0 
2.484 
196.91 
626.91 
~ ~ ~ _ _ _  
Probe 
1935 
0 
0 
2.828 
3002.524 
5206.182 
2150.00116 
.100002 
60.03O 
0 
-. 29O 
- .002 
2.484 
196.91 
626.92 
" 
O r b i t  3 
S /C 
1797.3 
0 
0 
0 
3117.963 
5400.470 
1997 
.1 
60° 
0 
0 
0 
2.224 
59.21 
458.61 
Probe 
1797.3 
0 
0 
2.828 
3115.513 
5401.884 
1997.001 
.1 
60.03O 
0 
-. 29O 
- . O O l  
2.224 
59.21 
458.61 
of C j i  and S but  over a time durat ion  of  25 o r b i t a l   p e r i o d s ,  i t  i s  roughly 
1 .32  k i lome te r s  fo r  Orb i t  1 and 1 . 1 2  k i l o m e t e r s  f o r  O r b i t  2 .  These  dis tances  
a r e  small because  of a j ud ic ious  cho ice  o f  t he  e j ec t ion  d i r ec t ion .  In  gene ra l ,  
no secular dependence w i l l  be present  in  the dis tance between the probe and 
spacec ra f t  if a ze ro  component o f  v e l o c i t y  i n  t h e  d i r e c t i o n  which i s  tangent  
t o  t h e  s p a c e c r a f t ' s  o r b i t a l  p a t h  i s  g iven  to  the  p robe .  Thus ,  i f  a ze ro  
t a n g e n t i a l  component i s  achieved,  the dis tance between the probe and spacecraf t  
w i l l  be o s c i l l a t o r y  and  bounded. However, a non-zero component c a u s e s  t h i s  
d i s t ance  to  inc rease  rough ly  l i nea r ly  wi th  t ime .  Fo r  Orb i t s  1, 2 ,  and 3 t h e  
probe was e j e c t e d  s o  t h a t  e q u a l  v e l o c i t y  components were g i v e n  i n  t h e  r a d i a l  
and normal d i r e c t i o n s  o f  t h e  o r b i t  a n d  t h e  e j e c t i o n  s p e e d  was 4 km/hr. 
j i '  
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In  Tab le  XV, we presen t  t he  fou r  cares for which we w i l l  g i v e  r e s u l t s .  
The  values  of C and S were  taken from Reference [4]. In a l l  cases  we set 
32 33 = Sa * 0 .  Case 2 u t i l i z e s   t h e  
j i  J i  
CZ1 - Cg1 - c - c 42  33 '43  '44 ~~ ~ 
same o rb i t  a s  'Case  1. Cases 3  and 4 a r e  t h e  same as 2 except  tha t1  3 u t i l i z e s  
a l o w e r  a l t i t u d e  o r b i t ,  while 4 u t i l i z e s  t h e  l o w e s t  a l t i t u d e  o r b i t  ( T a b l e  
XIV) . 
TABLE XV: Cases  fo r  Which Numerical Results w i l l  be  Given 
( M u l t i p l y  a l l  v a l u e s  by 
Constant  Case 1 
'20 -2.07 
'30 
'40 
'31 
.446 1 
-2089 
.4346 
.2761 c22 
kA" Unknowns 
. .. " 
Case 2 - 
-2.07 
.4461 
,2089 
.4346 
.2761 
- .0522 
- .4106 
0 
-. 1018 
- .0834 
- ,0259 
~"______ 
Case 3 
Same a s  
Case 2 . E Case 4 Same a s  Case 2 
18 
The  unknowns of the  problem are  the  pos i t ion  and v e l o c i t y  of the space- 
c r a f t  a t  t h e  t i m e  of e j e c t i o n ,  t h e  d i r e c t i o n  of e j e c t i o n ,  and t h e  p o t e n t i a l  
pa rame te r s  t ha t  a r e  no t  i den t i ca l ly  ze ro  in  Tab le  XV. 
For a l l  r e s u l t s  p r e s e n t e d  on the  moon problem w e  c h o s e  t o  u t i l i z e  10 
s igh t ing9  of the   p robe   per   o rb i ta l   per iod  of t h e  s p a c e c r a f t .  Each s i g h t i n g  
y i e l d s  two equat ions.  
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Effec t  o f  Random E r r o r  i n  Di rec t ion  
Le t  u s  now i n v e s t i g a t e  t h e  e f f e c t  o f  random e r r o r  in +ha measurement of 
t he  d i r ec t ion  o f  t he  p robe  as seen from the spacecraf t .  These errors  w i l l  
imply  an  e r ror  in  each  of the  outputs .  
Let  us  res ta te  our  major  assumptions as fol'lows: 
(1) No s y s t e m a t i c  e r r o r  e x i s t s ,  and the  on ly  e r ro r  sou rce  is random 
e r r o r s  i n  each measured direct ion to  the probe.  
(2)  The expected  value  of  each  measured  angle is  its t rue  va lue .  
(3) The e r r o r  d i s t r i b u t i o n s  of  each  measured  angle  are  independent 
and i d e n t i c a l  w i t h  a s tandard  devia t ion  of  10 seconds of arc. 
(4) The  random i n p u t  e r r o r s  a r e  so sma l l  t ha t  each  ou tpu t  e r ro r  is a 
l inear  combina t ion  of t h e  i n p u t  e r r o r s .  
(5) Ten ' s i g h t i n g s   p e r   o r b i t a l   p e r i o d   a r e  made. Each s i g h t i n g   i m p l i e s  
two equat ions.  
In  F igure  19  we p l o t  t h e  i n i t i a l  p o s i t i o n  and v e l o c i t y  e r r o r s  of the 
s p a c e c r a f t  due t o  t h e  random i n p u t  e r r o r s  a s  a func t ion  of t he  number of 
o r b i t s  o f  t h e  s p a c e c r a f t .  From t h i s  f i g u r e  w e  note   the  fol lowing  t rends:  
(1) As t h e  number of unknowns increases  (Case .1 t o  Case 2 ) ,  t he  
p o s i t i o n  and v e l o c i t y  e r r o r s  i n c r e a s e .  
(2) As t h e  o r b i t a l  a l t i t u d e  i s  lowered  (Case 2 t o  Case 3 ) ,  t he  
pos i t i on  e r ro r s  dec rease ,  bu t  t he  ve loc i ty  e r ro r s  i nc rease .  
I n  o r d e r  n o t  t o  crowd the graph, Case 4 ( the  lowes t  a l t i tude  
o r b i t )  i s  not shown, b u t  i t s . p l o t  s u p p o r t s  t h i s  c o n c l u s i o n .  
(3) The improvement in   accuracy  i s  r a the r   g radua l   a f t e r   15   space -  
c r a f t  o r b i t a l  p e r i o d s .  
In  Figures  20,  21,  and 22 we p lo t  the  normal ized  e r rors  in  the  parameters  
for  Cases  1, 2 ,  and 3 ,  r e s p e c t i v e l y .  Here we def ine  normalized  error   as  
C = )o(6Cji)/Cjil , w i t h   s l m l l a r   d e f i n i t i o n s   f o r   t h e  S's. R e s u l t s   f o r  
Case 4 a re  no t  p lo t t ed ,  bu t  a comparison of Cases 2, 3 ,  and 4 is g i v e n  i n  
Table XVI .  These  th ree  f igu res  and t h e  t a b l e  y i e l d  t h e  f o l l o w i n g  g e n e r a l i z a t i o n :  
N 
J i  
(1) The po ten t i a l  pa rame te r  e r ro r s  i nc rease  a s  t he  number of unknowns 
increases (Case 1 tc  Case 2) .  
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Data i s  Taken.  Cases 1 ,  2 and 3 
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Figure 20: Normalized  Error  in Parameters as  a Function of 
Data Interval. Case 1 
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Figure 21: Normalized Error in  Parameters as a Function of 
Data Interval. Case 2 
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Figure 22: Normalized  Error in Parameters as a Function of 
Data Interval. Case 3 
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h 
TABLE XVI: Comparison  of  Results  of  Cases 2 ,  3 ,  and 4. 
Data gathered over 25 O r b i t a l  P e r i o d s .  
(2) As t h e  o r b i t a l  a l t i t u d e  i s  lowered  (Case 2 t o  Case 3 t o  Case 4 )  , 
the   parameter   e r rors   decrease .  A s i g n i f i c a n t  d e c r e a s e  i s  obtained 
i n   a l l   p a r a m e t e r s   e x c e p t  C and C (see Table X V I ) .  
(3)  Again  the  improvement i s  g r a d u a l . a f t e r  15 o r b i t a l   p e r i o d s .  
( 4 )  The  improvement in   accu racy  of C i s  somewhat d i f f e r e n t  from 
the other  parameters  i n  t he  in t e rva l  f rom 5 t o  1 5  o r b i t a l  
per iods .  Our con jec tu re   fo r   t he   cause  of t h i s  more gradual  
improvement i s  the   spac ing   o f   t he   s igh t ings .   No te   t ha t  a f a c t o r  
of C i n  (20) i s  cos 8 .  Now, t h e   e j e c t i o n  was p l a c e d   a t  8 = 0 ,  
and  ?he  probe n e a r l y  r e t u r n s  t o  t h e  s p a c e c r a f t  f o r  8 = h n ,  
n = 1, 2 , . . . . For  th i s  r eason ,  no s i g h t i n g s  were allowed within 
36O of 0 = 2nn,  which i n  t u r n  g e n e r a l l y  i m p l i e s  a s m a l l e r  c o e f f i c i -  
e n t  of C than   the   o ther   parameters   a t   the   t ime  of   p robe   s igh t ings .  
20 30 
31 
31 
I n  T a b l e  X V I I ,  we compare a ( g C .  .) and O(6S.  .) as  ob ta ined  by ou r  ana lys i s  
3 1  J 1  
(Case 3 ,  25 o rb i t s )  w i th  those  va lues  r epor t ed  by L o r e l l  and  Sjogren  in  
Reference  [12].  The values  of  the s tandard deviat ions from Reference [12]  
were est imated from the residuals  obtained from actual  data  furnished by 
Lunar  Orbi ters  I - I V .  
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TABLE X V I I :  
.. . . ____. 
Parameter 
c20 
'30 
'40 
'31 
'22 
s 2 1  
'32 
'41 
S 
42 
s43 
Comparison of Standard Deviations of Parameters 
Obtained by Probe Sighting and Lunar Orbiter 
Analysis  
Standard Dev. x 10 6 
- 
Probe  Sight ing  
- 
0.52 
0.29 
1.98 
3.43 
0.98 
. 2 7  
1 . 1 7  
0.74 
0.07 
0.04 
~~~ 
Lunar  Orbi ter  
~~ 
1.43 
2.62 
1.90 
0.25 
2.49 
0.58 
1.39 
0.51 
0.35 
0.15 
- 
P r o b e l o r b i t e r  
.36 
. ll  
1.04 
13.7 
.40 
.46 
.84 
1.45 
.20 
.27 
From Table  X V I I ,  w e  s e e  t h a t  o u r  method  compares f a i r l y  w e l l  w i t h  r a d a r  
measurements. However, o u r   e r r o r   i n  C i s  about  14  t imes  larger.   Moreover,  
we have not  included the systematic  errors  which w i l l  a r i s e  i n  o u r  method i f  
a n  e r r o r  i n  e j e c t i o n  s p e e d  i s  p resen t .  Th i s  po in t  w i l l  now be  considered. 
31 
E f f e c t  of E r ro r  i n  E jec t ion  Speed  
Thus f a r ,  w e  have assumed the ejection speed i s  given by Av = 4 km/hr 
and was e r r o r - f r e e .  L e t  u s  now assume the  e j ec t ion  speed  i s  i n  e r r o r  so t h a t  
6Av = .04  km/hr. It seems reasonab le  tha t  an  e j ec t ion  mechanism  can  be b u i l t  
so t h a t  16A.1 < .01 A V .  
I n  g e n e r a l ,  i f  a n  e r r o r  i n  e j e c t i o n  s p e e d  e x i s t s ,  a s y s t e m a t i c  e r r o r  i n  
each  output w i l l  r e s u l t .  I n  F i g u r e s  2 3 ,  2 4 ,  and  25 w e  p l o t  t h e  s y s t e m a t i c  
e r r o r  i n  t h e  o u t p u t s  a s  a func t ion  of  time. Also shown a r e  t h e  "one-sigma" 
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Figure  23: Mean Error and One Sigma Bounds for C20and S 
Case  3. 6Av = . 01  Av 21. 
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Figure 25: Mean Error and One Sigma Bounds for  C 30' C32 9 and S 
Case 3 .  6Av = .01 Av. 41' 
e r r o r  bounds  about  the mean e r r o r .  Case 3 i s  s t u d i e d  i n  t h e s e  f i g u r e s .  
From Figure  23 we no te   t ha t   t he  mean e r r o r  i n  C i n c r e a s e s  a s  more da t a  20 
is  u t i l i z e d ,  b u t  t h e  v a r i a n c e  a b o u t  t h e  mean due t o  t h e  random e r r o r  d e c r e a s e s .  
S i m i l a r  r e m a r k s  a r e  t r u e  f o r  t h e  o t h e r  p a r a m e t e r s .  I n  t h e s e  f i g u r e s  w e  
omit ted the parameters  C 
t o  t h a t  e x h i b i t e d  i n  F i g u r e  25. 
40' '21' and S43,  b u t  t h e i r  b e h a v i o r  i s  q u i t e  s i m i l a r  
EARTH  ORBITS 
Thus f a r ,  t h e  o n l y  p e r t u r b i n g  f o r c e s  w e  have  considered  were  those  which 
a r i s e  from a p o t e n t i a l .  With  each  harmonic i n  t h e  p o t e n t i a l ,  t h e r e  was an 
a s soc ia t ed  unknown. 
I n  s t u d y i n g  t h e  a p p l i c a t i o n  o f  o m  method f o r  o r b i t s  a b o u t  t h e  e a r t h ,  
we w i l l  assume t h e  p o t e n t i a l  i s  represented  by three zonal harmonics such 
tha t   the   parameters  J 2 ,  J 3 ,  and J a r e  known beforehand.   Addi t iona l   per turb-  
i ng  fo rces  due t o  d r a g  and r a d i a t i o n  p r e s s u r e  w i l l  be  allowed.  These non- 
conse rva t ive  fo rces  w i l l  introduce two unknowns. 
4 
Two o r b i t s  w i l l  be  used, a low a l t i t u d e  (632 ki lometers )  and a synchronous 
a l t i t u d e  o r b i t .  The o r b i t a l   p a r a m e t e r s  of t h e   s p a c e c r a f t   a r e   l i s t e d  below. 
I n  a l l  c a s e s ,  f i v e  s i g h t i n g s  p e r  o r b i t  w i l l  be u t i l i z e d .  
1- Orrit Elements a 
7,000 km I Low A l t i t u d e  
t R u) i e 
0 O0 O0 O0 0 41,800 km High A l t i t u d e  
0 O0 O0 60' 0 
~~~ 
- ~~~ " P 
~ " ~. ~ 
~ ~~ -~ 
Let  us  now b r i e f ly  d i scuss  the  fo rces  p roduced  by drag  and  rad ia t ion  
pressure .  
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Drag 
The a c c e l e r a t i o n  a c t i n g  o n  a s a t e l l i t e  c a u s e d  by atmospheric drag may be 
approximated by 
where p = d e n s i t y  o f  t h e  a t m o s p h e r e  a t  t h e  s a t e l l i t e ,  
= c r o s s - s e c t i o n a l  a r e a  o f  s a t e l l i t e  p e r p e n d i c u l a r  t o  G, 
cD = d r a g  c o e f f i c i e n t ,  
v = a i r  s p e e d ,  
G = u n i t  v e c t o r  i n  d i r e c t i o n  of s a t e l l i t e  v e l o c i t y  w i t h  r e s p e c t  t o  atmos- 
phere,  and 
m = mass of s a t e l l i t e .  
I f  w e  assume the  a tmosphere  ro ta tes  wi th  the  Ear th  as  a r i g i d  body, then 
where 0 = a n g u l a r  r o t a t i o n  r a t e  o f  t h e  E a r t h  a b o u t  i ts  a x i s  = 7.29215506 x 10'' 
r ad / sec ,  
6 = d e c l i n a t i o n  o f  s a t e l l i t e ,  
& = u n i t  v e c t o r  i n  l o c a l  E a s t  d i r e c t i o n ,  
R = p o s i t i o n  v e c t o r  o f  s a t e l l i t e .  
The d r a g  c o e f f i c i e n t ,  CD, i s  no t  cons t an t ,  bu t  is a function of angle of 
- 
a t t ack ,  t empera tu re ,  and  ve loc i ty .  A b r i e f ,  b u t  e n l i g h t e n i n g ,  d i s c u s s i o n  of 
th i s  parameter  i s  g iven  in  Refe rence  [Dl. 
Here w e  w i l l  assume cd = p C is cons tan t ,  bu t  unknown. Hence, D 
Radia t ion  Pressure  
The a c c e l e r a t i o n  of a s a t e l l i t e  due t o  r a d i a t i o n  p r e s s u r e  is g iven  by 
a = - l / m y  V P A  s^ , - 
P P 
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where y = a factor which depends on t h e  r e f l e c t i n g  p r o p e r t i e s  of t h e  sa te l l i t e ,  
= 1 + .a, f o r  a d i f f u s e  r e f l e c t o r ,  
= 2 - 2 1 / 3 ,  f o r  a s p e c u l a r  r e f l e c t o r ;  h e r e  
A i s  t h e  a l b e d o  o f  t h e  s a t e l l i t e .  
v = 1, i f  s a t e l l i t e  i s  s u n l i t ,  
= 0, i f  n o t  s u n l i t ,  
P = s o l a r  r a d ' a t i o n  p r e  s u r e  i n  t h e  v i c i n i t y  of the Earth (approximately 
4.5 x dynes/cm ), 9 
A' = c r o s s - s e c t i o n a l  a r e a  of s a t e l l i t e  p e r p e n d i c u l a r  t o  s^ , and 
P 
s = u n i t  v e c t o r  i n  d i r e c t i o n  o f  s u n .  
Here w e  w i l l  assume P i s  cons tan t ,  bu t  unknawn. Nominal  parameters  for  drag 
and r ad ia t ion  p res su re  chosen  he re  a re  l i s t ed  in  Tab le  X V I I I .  
TABLE XVIII: Drag  and  Radiation  Pressure  Parameters 
Parameter 
m 
P 
% = A  
P 
cD 
Ref lec tor  
A (albedo) 
y P  A /m 
p (low a l t . )  
p ( h i g h   a l t . )  
P 
h C D ( l o w )  2m 
Spacecraf t  
3000 kg 
4.5 x (dynes/cm ) 
8 x 10 cm 
2.2 
specu la r  
0.5 
2 
4 2  
w cm/sec 2 
5.5 x 1 0 - ~ ~ ~ / ~ ~ ~  
0 
1.613 x 10-17/cm 
Probe 
.3 kg 
4.5 x (dynes/cm ) 
40 cm 
-2.2 
specu la r  
0.9 
4.2 x w cm/sec 
5.5 x 1 0 - l ~  g/cm 
2 
2 
2 
3 
0 
1.473 x 10-16/cm 
spacec ra f t   r ad ius  = 1.12 meters, 
probe   rad ius  = 2-52 cm = l i n c h  
mean s p a c e c r a f t  d e n s i t y  = .498 g/cm3,  and 
mean probe   d ns i ty  = .141 g/cm . 3 
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Numer ica l  Resul t s  for  Ear th  Orbi t s  
For our f i r s t  c a s e ,  l e t  us  cons ider  the  low a l t i t u d e  (a = 7000 k i lometers )  
o r b i t .  As wi th  the  case  o f  t he  Moon, let the  p robe  be  e j ec t ed  wi th  no tan-  
g e n t i a l  component  of ve loc i ty .  A l so ,  l e t  AV = 4 km/hr and 6 AV = .04 km/hr. 
T h i s  e r r o r  i n  e j e c t i o n  s p e e d  w i l l  produce a sys t ema t i c  e r ro r  i n  each  ou tpu t  
parameter. Moreover, a random e r r o r  w i l l  a l s o  exis t  because of  random e r r o r s  
i n  t h e  measurement  of t he  p robe ' s  d i r ec t ion .  As befo re ,  t hese  random e r r o r s  i n  
d i r e c t i o n  w i l l  be chosen with a standard deviation of 10 seconds of a r c .  
Our present  problem  has  10 unknowns: s ix  d e f i n e  t h e  i n i t i a l  p o s i t i o n  and 
ve loc i ty  o f  t he  spacec ra f t ,  two d e f i n e  t h e  r a d i a t i o n  and drag parameters, and 
f i n a l l y ,  two a r e  p a r a s i t i c  and de f ine  the  p robe  e j ec t ion  d i r ec t ion .  
F ive  s igh t ings  pe r  o rb i t a l  pe r iod  of t he  spacec ra f t  w i l l  be  used. Each 
s i g h t i n g  w i l l  y i e l d  two equat ions .  
Figure 2 6  i s  a p lo t  o f  t he  mean e r r o r   i n   i n i t i a l   p o s i t i o n  and the  mean 
e r r o r  i n  t h e  i n i t i a l  v e l o c i t y  a s  a func t ion  of  the  number of orb i t s  over  which  
t h e  measurements a re  taken .  Also  shown a r e  t h e  one  sigma e r r o r  bounds  about 
t h e  mean. These e r ro r s  abou t  t he  mean are produced by random inpu t  e r ro r s .  
Note t h a t  t h e  random e r r o r s  a r e  a l m o s t  i n s i g n i f i c a n t  compared t o  t h e  s y s t e m a t i c  
e r r o r s .  A l s o ,  t h e  s y s t e m a t i c  e r r o r  i n  i n i t i a l  v e l o c i t y  i n c r e a s e s  q u i t e  
r ap id ly  a s  da t a  ove r  a l o n g e r  i n t e r v a l  i s  u t i l i z e d .  
In  F igu re  2 7  w e  p l o t  t h e  n o r m a l i z e d  s y s t e m a t i c  e r r o r  i n  t h e  r a d i a t i o n  
pressure  and  drag  parameters .  The random e r r o r  i n  t h e s e  p a r a m e t e r s  i s  about 
times t h e  s y s t e m a t i c  e r r o r  and hence  too  smal l  to  be  shown i n  t h i s  f i g u r e .  
N o t e  t h e  e r r o r  i n  t h e  r a d i a t i o n  p r e s s u r e  p a r a m e t e r ,  gP, i s  a l m o s t  a s  l a r g e  a s  
P. However, for   the   d rag   parameter  6cd cd so the  measurements w i l l  
y i e l d  a good est imate   of   the   product  p C Note tha t   on ly   t he   p roduc t  i s  D' 
c a l c u l a b l e  and  no t  t he  ind iv idua l  f ac to r s .  
It i s  no t   su rp r i s ing   t ha t   t he .  6P/P >> 6c   / c   fo r   t he   acce le ra t ion   due   t o  
drag  is about 20 times g r e a t e r  t h a n  t h a t  d u e  t o  rad ia t ion  pressure .  Moreover ,  
no e f f e c t  is produced by s o l a r  r a d i a t i o n  o v e r  a b o u t  1/3 of e a c h  o r b i t .  
d d '  
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Figure 26: Mean Error and One Sigma Bounds fo r  I n i t i a l  P o s i t i o n  
and Veloc i ty   Errors .  Low Altitude  Earth  Orbit  
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Figure 27: Normalized  Errors  in Drag and Radiation  Parameters  Caused by an 
Error in Ejection Speed. A6v = .04 km/hr Low Altitude  Earth  Orbit, 
S i n c e  t h e  e f f e c t  o f  a s y s t e m a t i c  e r r o r  i n  e j e c t i o n  s p e e d  o u t w e i g h s  t h e  
effect  of random  measurement e r r o r s  i n  t h e  p r e v i o u s  c a s e ,  i t  is highly de- 
s i r a b l e  t o  r e d u c e  o r  e l i m i n a t e  t h e  e j e c t i o n  s p e e d  e r r o r .  We p ropose  to  ac -  
compl ish  th i s  e l imina t ion  by r e l e a s i n g  t h e  p r o b e  w i t h  z e r o  d i f f e r e n t i a l  s p e e d ,  
i.e., AV = ~ A V  = 0. Drag  and r a d i a t i o n  p r e s s u r e  t h e n  2s a l l o w e d  t o  s e p a r a t e  
the  spacecraf t  and  probe .  It is a r g u m e n t a t i v e  a s  t o  w h e t h e r  o r  n o t  s u c h  a 
r e l e a s e  is  p o s s i b l e ,  b u t  w e  w i l l  assume it  is here .  
The t o t a l  problem has now only  e ight  unknowns, f o r  w e  l o s e  t h e  two  un- 
knowns a s s o c i a t e d  w i t h  t h e  e j e c t i o n  d i r e c t i o n .  
In  F igu re  2 8  w e  t h e n  p l o t  t h e  e r r o r s  i n  i n i t i a l  p o s i t i o n  and ve loc i ty  due  
t o  t h e  random e r r o r s .  7ho o r b i t a l  c a s e s  a r e  shown: t h e  low a l t i t u d e   c a s e  
and the  h igh  a l t i t ude  ( synchronous ) .  No te  tha t  t he  e r ro r s  dec rease  wi th  more 
measurements and are considerably less than those shown i n  F i g u r e  26. Also 
n o t e  t h e  p l o t  b e g i n s  a t  1 0  o r b i t s  i n s t e a d  o f  f i v e  o r b i t s .  This is because no 
measurement was allowed i f  t h e  d i s t a n c e  between the probe and spacec ra f t  was 
less than  100 meters. I f  t h i s  r e s t r i c t i o n  were not  imposed,  parallax may 
p roduce  an  add i t iona l  e r ro r .  Af t e r  f i ve  o rb i t s ,  t he  d i s t ance  be tween  the  p robe  
and s p a c e c r a f t  f o r  t h e  low and h igh  orb i t s  i s  420 and  910 meters, r e spec t ive ly .  
In  F igu re  29, w e  p lo t  the  normal ized  e r ror  in  rad ia t ion  and  drag  parameter  for  
t h e  low a l t i t u d e  o r b i t ,  and the  noraml ized  e r ror  in  the  rad ia t ion  parameter  for  
t h e  h i g h  a l t i t u d e  o r b i t .  It was assumed c = 0 f o r  t h e  h i g h  a l t i t u d e  o r b i t .  d 
N o t e  t h a t  f o r  t h e  low a l t i t u d e  o r b i t  t h e  n o r m a l i z e d  d r a g  e r r o r  i s  about 
times the  normalized  radiat ion  pressure  error .   But ,   the   normalized 
r a d i a t i o n  p r e s s u r e  e r r o r  f o r  t h e  h i g h  a l t i t u d e  o r b i t  i s  s m a l l e r  t h a n  e i t h e r  
e r r o r  i n  t h e  low a l t i t u d e  c a s e .  
In  conc lus ion ,  i t  a p p e a r s  t h a t  p r o b e  s i g h t i n g s  a r e  q u i t e  e f f e c t i v e  i n  
ca lcu la t ing  the  parameters  assoc ia ted  wi th  drag  and r a d i a t i o n  p r e s s u r e  i f  
sys t ema t i c  e r ro r  i n  e j ec t ion  speed  can  be  avo ided .  
As a f i n a l  n o t e  of i n t e r e s t ,  w e  plot  the dis tance between the probe and 
s p a c e c r a f t  a s  a funct ion of  time f o r  t h e  t h r e e  c a s e s .  We o f f e r  t h e  f o l l o w i n g  
exp lana t ion  fo r  t he  somewhat s t range  behavior  shown i n  F i g u r e  30. 
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(1) For the  high  altitude  orbit  in  which  the  ejection  speed is zero 
b v  = 0), the  only  effect  which  separates  the  probe  and  space- 
craft  is  the  differential  radiation  pressure.  But  radiation 
pressure is approximately in the  direction of motion  over 
one-half  the  orbit  and  opposite  the  direct  over  the  other 
one-half  orbit.  Hence,  the  distance may  be  expected to be 
oscillatory. 
(2) For the  low  altitude  orbit  in  which Av, the  main  effect  which 
causes  separation is drag.  Drag  always  acts  to  oppose  the 
motion. Hence, the  separation  distance  monotonically  increases. 
(3) If no drag  or  radiation  forces  exist, Av # 0 but  small,  and 
ejection is such  that no orbital  tangential  component  of 
velocity  is  given to the  particle,  then  the  separation  distance 
would  be  oscillatory. If drag  and  radiation  are  added,  the 
effect  shown  in  Figure 30 for Av = 4 km/hr is reasonable. 
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CONCLUDING REMARKS 
The major  resu l t s  of  computer  s imula t ions  ind ica t ing  the  manner  in  which  
ins t rument  measurement  e r rors  propagate  through the  sys tem in to  e r rors  in  the  
computed q u a n t i t i e s  i s  given below. 
Mars Naviga t ion  Problem (Natura l  Sa te l l i t es )  
1. For t h e  assumed cond i t ions   nav iga t iona l   accu rac i e s   r ang ing  from 0.2 t o  
1 .0  k i lometer  a re  obta ined  when v iewing  e i the r  Phobos o r  Deimos or  bo th .  
2. In t roducing  unknowns a s s o c i a t e d  w i t h  t h e  g r a v i t a t i o n a l  p o t e n t i a l  d o e s  
no t  s ign i f i can t ly  deg rade  the  accu racy  o f  t he  spacec ra f t  o rb i t  de t e rmina t ion ;  
however, it d o e s  d e g r a d e  t h e  o r b i t  d e t e r m i n a t i o n  o f  t h e  a r t i f i c i a l  s a t e l l i t e s  
(compared with the case in  which the per turbing parameters  are  known). 
3 .  Approximately two o r  t h r e e  o r b i t s  o f  o b s e r v a t i o n s  a r e  n e e d e d  t o  g e t  t h e  
n a v i g a t i o n a l  e r r o r  down to  the  . r eg ion  where  the  improvement is g radua l  and 
rough ly  p ropor t iona l  t o  the  r ec ip roca l  o f  t he  squa re  roo t  of t h e  number of ob- 
se rva t ions .   (Pas t   s tud ies   have  shown t h a t  one o r b i t  i s  s u f f i c i e n t  t o  a r r i v e  a t  
t h i s  c o n d i t i o n  when using a test  probe  system. The f a c t  t h a t  more o r b i t s  a r e  
taken  here  i s  a r e f l e c t i o n  o f  t h e  f a c t  t h a t  t h e  o r b i t a l  p e r i o d s  o f  t h e  b o d i e s  
being viewed are  several  times longe r  than  tha t  o f  t he  spacec ra f t  o rb i t a l  pe r iod . )  
4 .  A s  a naviga t iona l  sys tem,  the  accuracy  when viewing Deimos is  poorer  
than when viewing  Phobos. One of t h e  r e a s o n s  f o r  t h i s  is t h a t  Deimos is simply 
f u r t h e r  away and t h e  a n g l e  e r r o r s  p r o p a g a t e  i n  p r o p o r t i o n  t o  t h e  l e n g t h  o f  t h e  
s igh t  l i ne .  Ano the r  r eason  is t h a t  Deimos' o r b i t a l  p e r i o d  is  longer  and  for a 
g iven  observa t ion  time i t s  mot ion  a round the  cent ra l  body is  smal le r .  
Mars Per turb ing  Parameter  Problem (Natura l  Sa te l l i t es )  
J2 J3, J4*.-When t h e  number of unknowns i s  expanded t o  i n c l u d e  t h r e e  terms 
i n  t h e  g r a v i t a t i o n a l  p o t e n t i a l  (making a t o t a l  of  15) ,  a well conditioned prob- 
l e m  exis ts :  10- < o(&Ji) < 10 , i = 2,  3 ,  and 4 .  7 - 4  
* Only the  unknown p a r a m e t e r s   a r e   l i s t e d .  
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J2, J3, J4, 5 c2. -Adding the unknown d i r e c t i o n  o f  t h e  s p i n  a x i s  c1 and 
q2, c r e a t e s  a problem i n  1 7  unlcnowns. This  problem is  a l s o  w e l l  condi t ioned  and 
the  accuracy  of  the  computed  d i rec t ion  of t h e  a x i s  o f  dynamic  symmetry v a r i e s  
from  1.0 t o  10  minutes of a r c .  Some of the propert ies  of  this  type.  of  system are:  
a .  The terms i n  t h e  g r a v i t a t i o n a l  p o t e n t i a l  o n l y  s l o w l y  i m p r o v e  i n  
accuracy  as  the  number of  spacecraf t  orbi ts  over  which measurements  
a r e  made is  increased from 10 t o  20; 
b. The s p i n  a x i s  d i r e c t i o n  d e t e r m i n a t i o n  is improved by a f a c t o r  o f  two 
t o  e i g h t  by extending the sampling period from 10 to 20 o r b i t s ;  
c .  An i n c l i n a t i o n  of 60 general ly   produces a so lu t ion   which  is a f a c t o r  
of 10 more accura te  than  tha t  produced  by a n  i n c l i n a t i o n  o f  0; and 
0 
d .  Chang ing  the  spacec ra f t  a l t i t ude  is  not  a dominant   factor   in   changing 
the  accuracy  wi th  which  the  unknowns can be computed. 
J2, J3¶ J4, sl ,  z2, m.-Adding the  p l ane ta ry  mass a s  unknown expands the 
problem t o  a t o t a l  of 18 unknowns. This  produces a system  which: 
a .  E r r o r s  i n  t h e  computed spacec ra f t   pos i t i on  become very   l a rge ;  
b. The e r r o r  i n  t h e  mass  determination is  a l s o  l a r g e ;  
c .  I n t e r e s t i n g l y ,  t h e r e  i s  no s ign i f i can t  change  i n  the  accuracy  with  which 
the other parameters are computed (compared wi th  the  case  in  wh ich  mass 
was  assumed t o  b e  known). 
d. The add i t ion  o f  a l i n e a r  measurement  (such  as  would  be  supplied by r ada r )  
w i l l  rect i fy  the above def ic iency of  systems in  which mass is an un- 
known and p e r m i t  an accurate computation of mass to be made. 
Mars Ejected Probe (J2, J3, J 4 ,  I,, c 2 ¶  m) 
Probe and Phobos.-Introducing an ejected probe expands the problem to a t o t a l  
of 20 unknowns i n  t h a t  two unknowns a s s o c i a t e d  w i t h  t h e  e j e c t i o n  d i r e c t i o n  must be 
added. The eject ion speed cannot  be used as  an unknown wi thou t  i l l - cond i t ion ing  
t h e  problem. It i s  assumed th i s   speed  is  known exac t ly .  
A s i g n i f i c a n t  improvement is obtained by u s e  o f  t h e  p r o b e  i n  a l l  p a r a m e t e r s .  
Moreover,  the orbit  of Phobos may be found more accu ra t e ly  by about a f a c t o r  of 
four .  
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Probe Alone.-Delet ing s ight ings of  Phobos reduces the probelm to 14 unknowns. 
No grea t  change  in  the  accuracy  of  the  parameters  i s  ob ta ined  excep t  t ha t  t he  
e r r o r  i n  m i s  about a f ac to r  o f  two l a r g e r .  
Venus (6Av 0) 
J2,  s l y  Z 2 . - A s  J becomes s m a l l e r ,   t h e   e r r o r s  become l a r g e r .  The problem 2 
i s  i l l - c o n d i t i o n e d   f o r  J = 0. 2 
J2 ,  s, ,  s 2 ,  m.-Adding the  mass of Venus as  an  unknown d o e s  n o t  s i g n i f i c a n t l y  
degrade the determinat ion of  J and s2, bu t  does  deg rade  the  in i t i a l  pos i -  
t i o n  and v e l o c i t y .  The accuracy  of  the mass de te rmina t ion  is  poor  and becomes 
poorer   as  J becomes sma l l e r .  Mass should  not  be in se r t ed   i n to   t he   p rob lem  a s  
an unknown. 
2 ’  51, 
2 
J,, C,, , S,, . - I n  c o n t r a s t  t o  c a s e  1 
L -  L I  - L I  
known ins t ead  of C21 and SZ1, t h e  e r r o r s  
of J2 , C2 , and S21 . The s i n g u l a r i t y  i s  
(J2, s l y  Z 2 )  i n  which 5 and s 2  were  un- 
are almost independent of the magnitude 
thus removed  by th i s  fo rmula t ion .  
1 
Venus (6Av # 0) 
I f  a n  e r r o r  e x i s t s  i n  t h e  e j e c t i o n  s p e e d ,  a s y s t e m a t i c  e r r o r  i n  e a c h  o u t p u t  
w i l l  r e s u l t .   I n   g e n e r a l ,   a s   t h e   p e r t u r b i n g   f o r c e s  become sma l l e r ,   t he   sys t ema t i c  
e r r o r s  become smal le r .  However, a s  t h e  time interval   over   which  the  measure-  
ments a re   t aken  i s  inc reased ,   t he   sys t ema t i c   e r ro r s   a r e   i nc reased .   Bu t ,   i n   any  
event ,  an  e r ror  in  the  e jec t ion  speed  produced  a very  small e r r o r  i n  t h e  o u t p u t s .  
J2 , 5 1, s2 .  -Cons ide r  t he  r a t io  o f  t he  sys t ema t i c  e r ro r  i n  a quant i ty  (pro-  
duced by a n  e r r o r  i n  e j e c t i o n  s p e e d )  t o  t h e  random e r r o r  i n  t h a t  q u a n t i t y  
(produced by  random e r r o r s  i n  m e a s u r i n g  t h e  d i r e c t i o n  t o  t h e  p r o b e ) .  T h i s  r a t i o  
i s  r e l a t i v e l y  l a r g e  f o r  t h e  i n i t i a l  p o s i t i o n  and 5 and s m a l l  f o r  o t h e r  o u t p u t s .  1 
I f  l6Avl 5 .01  Av, t h e n  t h e  s y s t e m a t i c  e r r o r  i n  a l l  o u t p u t s  i s  r e l a t i v e l y  
s m a l l   i f  measurements  are made over   l ess   than  1 2  o r b i t s  and J = 10 . If 
J2 = t h e n   t h e y   a r e   r e l a t i v e l y   s m a l l   f o r  3 2  o r b i t s .  
-5 
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J2' c21' S21.-For t h i s  se t  of unknowns, C21 h a s  t h e  l a r g e s t  r e l a t i v e  e r r o r ,  
b u t  i f  J2 <- 10" t h e  s y s t e m a t i c  e r r o r s  a r e  r e l a t i v e l y  small. 
Moon 
1. 
2. 
3 .  
4 .  
1. 
2 .  
3 .  
The random e r r o r s  i n  i n i t i a l  p o s i t i o n  and v e l o c i t y  a r e  less than  0 .2  k i l o -  
meter and 0 . 2  k m / h r ,  r e s p e c t i v e l y ,  a f t e r  1 5  o r b i t s  of d a t a  c o l l e c t i o n  
A h i g h e r  a l t i t u d e  o r b i t  y i e l d s  l a r g e r  e r r o r s  i n  t h e  h a r m o n i c s ,  e x c e p t  
f o r  C20 and C 
The e r r o r s  i n  t h e  h a r m o n i c s  d u e  t o  t h e  random input  e r rors  have  normal ized  
values  roughly between 0.1 and 1 a f t e r  f i v e  o r b i t s  o f  d a t a  c o l l e c t i o n ,  
and between 0.01 and 0.1 after 20 o r b i t s .  
I f  a n  e r r o r  i s  p r e s e n t  i n  t h e  e j e c t i o n  s p e e d ,  a s y s t e m a t i c  e r r o r  i n  e a c h  
harmonic w i l l  r e s u l t  whose p rope r t i e s  a re  a s  fo l lows :  
(a) As a l o n g e r   d a t a   c o l l e c t i o n  time i n t e r v a l  i s  u t i l i z e d ,  a l a r g e r  
30 ' 
sys t ema t i c  e r ro r  gene ra l ly  occur s .  
(b)  For some of   the   harmonics ,   the   sys temat ic   e r ror  i s  about 10 t o  20 
times l a r g e r  t h a n  t h e  random e r r o r  i f  6Av = . . O l A v .  
Ear th  
Depending  on t h e  e r r o r  i n  e j e c t i o n  s p e e d ,  t h e  p r o d u c t  of atmospheric  densi ty  
( a t   t h e   s a t e l l i t e )  and t h e   d r a g   c o e f f i c i e n t ,  P C  can be de t e rmined   t o  
between  one p a r t . i n  1 , 0 0 0  and 10,000 by u t i l i z i n g  a low a l t i t u d e  o r b i t  and 
a two inch diameter  probe.  
If t h e r e  e x i s t s  a n  e r r o r  i n  e j e c t i o n  s p e e d  of 6Av = .01  Av,  then  the  e r ror  
i n  t h e  r a d i a t i o n  p r e s s u r e ,  6 P ,  i s  n e a r l y  a s  l a r g e  a s  P. 
I f  t he  p robe  i s  r e l eased  so t h a t  6Av = Av = 0, then the fol lowing is t r u e :  
D' 
(a)   For  a low a l t i t u d e  o r b i t ,  t h e  d r a g  f o r c e s  a r e  much g r e a t e r  t h a n  t h e  
so la r  rad ia t ion  forces ,  and ,  hence ,  the  normal ized  e r ror  in  the  
r a d i a t i o n  p r e s s u r e  i s  about  100  t imes  grea te r  than  tha t  of the  drag  
parameter.  
(b)  For a h i g h   a l t i t u d e   o r b i t ,   t h e   d r a g   f o r c e s   a r e   n e g l i g i b l e .   A f t e r  30 
o r b i t s  of d a t a ,  t h e  n o r m a l i z e d  r a d i a t i o n  p r e s s u r e  e r r o r ,  6P/P, i s  
about 2 x 
I 
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APPENDIX A 
ACCURACY OF ORBIT DETERMINATION 
We have proposed and uti l ized a method o f  o rb i t  de t e rmina t ion  which re l ies  
on computing posit ion and v e l o c i t y  by a l i n e a r i z a t i o n  w i t h  r e s p e c t  t o  a r e fe rence  
t r a j e c t o r y .  The r e f e r e n c e  t r a j e c t o r y  i s  chosen t o  be a set  of   discont inuous 
Kep le r  a r c s .  
I n  o r d e r  t o  t e s t  t h e  a c c u r a c y  of our method, the sponsor supplied a computer 
program  called  Lungfish.   This  program  computes  the  posit ion by a numerical  
method  of s o l u t i o n  t o  t h e  d i f f e r e n t i a l  e q u a t i o n .  The th ree  second  o rde r  d i f f e r -  
e n t i a l  e q u a t i o n s  a r e  u s e d  t o  o b t a i n  a 12th order Runge-Kutta type expansion for 
t h e  s o l u t i o n .  
I n  F i g u r e  3 1 ,  we  p lo t  the  d i f fe rence  be tween the  Lungf ish  so lu t ion  and  our  
s o l u t i o n  a s  a func t ion  of time. The o r b i t  i n  q u e s t i o n  i s  a low a l t i t u d e  o r b i t  
about Mars (Orbi t  No. 3 ,   Table  V I ) .  Only two components a r e  shown, but   the 
t h i r d  component i s  s i m i l a r  t o  t h o s e  shown. We f e e l  t h a t  c u r v e s  shown can be 
i n t e r p r e t e d  a s  more simply the difference between the two s o l u t i o n s  and i s  the  
e r r o r  i n  o u r  s o l u t i o n .  We conclude  th i s  because  the  Lungf ish  so lu t ion  impl ied  
a near ly  constant  kinet ic  energy and component of  angular  momentum which is  
p a r a l l e l   t o   t h e  symmetric a x i s   ( w i t h i n  10 ) .  -7 
Note the  maximum e r r o r  i n  o u r  s o l u t i o n  i s  270 m e t e r s  a f t e r  20 o r b i t s .  
It i s  f e l t  t h a t  t h i s  e r r o r  h a s  a n e g l i g i b l e  e f f e c t  on t h e  r e s u l t s  o f  o u r  e r r o r  
a n a l y s i s .  A t e s t  of  the accuracy of  our  solut ion was a l s o  made us ing  an  o rb i t  
about Venus with J = 10 . I n   t h i s   c a s e ,   t h e  maximum e r r o r  was o n l y   f i v e  
meters. I t  i s  n o t  s u r p r i s i n g  t h a t  t h e  e r r o r  i n  o u r  s o l u t i o n  is  cons iderably  
sma l l e r  fo r  sma l l e r  pe r tu rba t ions ;  fo r  ou r  so lu t ion  i s  exac t  fo r  ze ro  pe r tu rba -  
t i o n s .  
-4 
2 
APPENDIX B 
USE OF  PROBE FOR AN ORBIT ABOUT SATURN 
In  ou r  s tudy  of o rb i t s  abou t  Venus, we found that the measurement of an 
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Figure 3L. E r r o r  i n  X and 2 - Components of P o s i t i o n  Due t o  Method of S o l u t i o n .  O r b i t  a b o u t  Mars,  
e j e c t e d  p r o b e ’ s  d i r e c t i o n  a s  a f u n c t i o n  of time y ie lded  a poor  determinat ion of 
mass and a r e l a t i v e l y  p o o r  d e t e r m i n a t i o n  o f  t h e  d i r e c t i o n  o f  t h e  a x i s  o f  s y m m e t r y .  
We r e a s o n e d  t h a t  t h e s e  f a c t s  were caused  because  of  the  a lmost  spher ica l  
cha rac t e r  o f  Venus.  To t e s t  o u r  r e a s o n i n g ,  w e  now s tudy  an  o rb i t  abou t  Sa tu rn  
which i s  a h i g h l y  o b l a t e  p l a n e t .  
We now assume J = .0148, J3 = 0, and J = - 3 . 5  x and  an o r b i t  whose 2 4 
semi-major axis has length 20% l a r g e r  t h a n  t h e  p l a n e t ’ s  e q u a t o r i a l  r a d i u s ,  a n d  
e c c e n t r i c i t y  = . 01 .   The   fo l lowing   r e su l t s   a r e   ob ta ined   fo r  no e r r o r  i n  
e j e c t i o n  s p e e d .  
TABLE X I X :  Standard Deviat ion of  Parameters  for  an Orbi t  About Sa tu rn .  
Mass Unknown 
No. of O r b i t s  
10 20 Parameter 
Q (6 m> / m  3 . 9  x 1 . 9  x 
7 . 3  x 10 
0 ( 6  J3) 1.5 x 10 8.0 x 10 
1 . 0  x 10 3 . 3  x 10 
Excep t   fo r   e r ro r s  i n  J t h e   e r r o r s  shown i n  Table  X I X  a r e  somewhat l e s s   t h a n  
those shown i n   F i g u r e  1 2 .  However, the   de te rmina t ion  of the  mass i s  s t i l l  not  
impress ive .  
2 ’  
APPENDIX C 
CHANGE I N  DIRECTION PRODUCED BY HARMONICS I N  MOON’S  POTENTIAL 
It i s  of i n t e r e s t  t o  p l o t  t h e  c h a n g e  i n  d i r e c t i o n  o f  t h e  p r o b e  p r o d u c e d  
by the  sma l l  pe r tu rb ing  fo rces .  We w i l l  do so now, u t i l i z i n g  a Moon o r b i t  
given by Orb i t  1, Table  X I V .  To  compute t h i s  change i n  d i r e c t i o n ,  i n i t i a l  
cond i t ions  and a K e p l e r  f i e l d  w e r e  f i r s t  c h o s e n .  The r igh t   ascens ion   of   the   p robe  
was then  computed  as a funct ion  of  t i m e .  The same i n i t i a l  c o n d i t i o n s  were 
rechosen  but  perturbing  forces  were  added  to  the  Kepler  force.  A new r i g h t  
a scens ion   a s  a funct ion  of  time was computed. The d i f f e r e n c e   o f   t h e s e   r i g h t  
90 
ascensions i s  shown in  f igu re  32 (perturbed-unperturbed). Two cases 
are  considered: one i n  which the  oblateness  term C produces the  
perturbing force, and a second i n  which th i s   fo rce  is  produced by the 
20 
harmonics of Case 1, Table XV. 
For the cases shown, the nominal orbi ta l  per iod i s  2.93 hours. 
Also, the  eject ion direct ion was chosen so that the probe nearly re- 
turns  af ter  each orbi ta l  per iod.  Because a small change in  posi t ion 
produces a large direction change when the probe i s  near the space- 
craf t ,  large (= + 4 ) direction changes a re  apparent near multiples 
of the orbi ta l  per iod.  Also, the deviation in azimuth as pictured 
in  f igure  32 is large enough so tha t  our in tu i t ion  i s  not strained by 
the  fac t  tha t  10 arc  second errors  are  small enough to  y ie ld  resu l t s  
of useful  accuracy. 
0 
- 
The deviation in elevation i s  not shown, but this angle deviation 
is s imi la r  to  tha t  shown in the f igure.  
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Figure 32: Effect of Harmonica on Direction of Probe 
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